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INTRODUCTION 


During  the  past  thirty  years  there  have  been  several  milestones 
in  the  study  of  algebraic  derivations  in  prime  rings.  In  1957, 

Amitsur  [1]  proved  a  famous  theorem:  in  a  simple  ring  with  unity,  any 
derivation  X  which  satisfies  a  polynomial  identity  f(X)  ■  0  must  be 
inner.  In  1978,  Kharchenko  [21]  generalized  the  above  result  to  prime 
rings:  a  derivation  satisfying  a  polynomial  identity  in  a  prime  ring  R 
with  characteristic  zero  may  be  extended  to  an  inner  derivation  of  the 
generalized  ring  of  quotients  of  R.  Chung,  Kovacs,  and  Luh  [4]  have 
recently  sharpened  Kharchenko's  result  and  answered  several  major 
questions,  including  what  type  of  minimal  polynomial  a  derivation  can 
have. 

The  major  results  by  Amitsur,  Kharchenko,  Chung,  Kovacs,  and  Luh 
tell  us  a  great  deal  when  a  derivation  X  satisfies  a  polynomial 
identity  f(X)  ■  0.  However,  relatively  little  is  known  when  more  than 
one  derivation  is  involved,  l.e.,  what  can  be  said  when  derivations 
X^,  X2*  . ..,  Xn  of  a  prime  ring  R  satisfy  a  polynomial  identity  of 
the  form  f(.X^,X2»  .  ..t  Xn)  *  0?  A  general  theory  for  this  problem 

appears  to  be  beyond  our  current  reach.  The  purpose  of  this  report 
is  to  establish  a  base  of  knowledge  by  investigating  several  specific 
polynomials . 

A  natural  starting  point  for  the  study  of  polynomial  identities 
of  the  form  f(.X^,  X2)  ■  0  is  a  well-known  result  by  Posner  [26]: 

if  X,  6,  and  y  are  derivations  of  a  2-torsion  free,  prime  ring  R  such 
that  X$  ■  y,  then  either  x  ■  0  or  $  -  0.  It  follows  trivially  that 


f(A,6)  -  X  -  6  *  0  implies  A  *  0,  and  that  f(X,6)  *  X6  ■  0  implies 

either  X  ■  0  or  6  *  0.  From  these  observations  two  logical  questions 

arise:  what  can  be  said  when  f(X,5)  -  Xn  -  5 ■  0  for  n  >  1  (i.e.,  the 

case  where  X  and  an  iterate  Xn  are  both  derivations) ,  and  what  can  be 

said  when  f(X,6)  =  Xnfim  *  0  for  n,m  £  z+?  These  two  cases  are  studied 

and  several  results  given  in  Chapters  3  and  4.  In  Chapter  5  identities 

involving  more  than  two  variables  are  considered.  Here,  among  other 

things, we  extend  Posner's  result  by  determining  what  happens  when 
2  3 

X6  =  y  and  X6  =  y  .  In  Chapter  6  we  investigate  the  identities 
2 

X6X  *  0  and  X<5  X  »  0,  and  in  Chapter  7  we  make  some  concluding  remarks. 
Chapter  2  introduces  the  generalized  ring  of  quotients  Q(R)  of  a  prime 
ring  R,  the  unique  derivation  A  of  Q  which  satisfies  A|  =  X,  and  other 
concepts  which  will  be  needed  in  the  sequel.  Throughout  this  paper  Z 
is  the  ring  of  integers,  Z+  is  the  set  of  positive  Integers,  and 
m,n  €  z+.  Also  G,  C,  and  F  denote  the  center  of  R,  the  center  of  Q(R) , 
and  the  algebraic  closure  of  C,  respectively. 

The  major  results  of  Chapters  3,  4,  5,  and  6  are  summarized  below. 
Chapter  3.  Assuming  R  is  a  prime  ring  and  X  and  xn,  n  >  1,  are 
derivations  of  R: 

1.  If  R  is  commutative  and  characteristic  R  is  sufficiently  large, 
then  X  ■  0. 

3 

2.  If  n  ■  3  and  characteristic  R  J  3,  then  X  is  algebraic  and  X  *  cX 
for  some  c  €  C. 

3.  If  n  ■  4  and  characteristic  R  i1  2,  then  X  is  algebraic  and 

3  A  6 

{x,xj,x\x  )  is  linearly  dependent  over  C. 

4.  If  n  ■  5  and  characteristic  R  4  5,  then  X  is  algebraic  and  X^  =  cX 


for  some  c  S  C. 


5.  If  n  ■  6  and  characteristic  R  is  sufficiently  large,  then  X  is 
algebraic . 

6.  If  a  a  €  R  such  that  Xa  ^  0  and  X^a  *  0,  then  X^n  ^  ■  0.  If,  in 

addition,  characteristic  R  j  2,  then  Xn  *  0  if  n  is  odd  and 

V 

X"-1  ■  0  if  n  is  even. 

7.  If  A(C)  «0,  characteristic  R  ■  0,  and  a  0  ^  a  £  R  and  0  4  c  G  C, 
such  that  Xa  -  ca,  then  X  is  algebraic. 

Chapter  4.  Assuming  R  is  a  prime  ring  and  X  and  6  are  derivations  of  R: 

1.  If  X6m  ■  0,  then  either  X  ■  0  or  4^  ■  0,  k  <  4n  -  1. 

2.  If  Xn«  -  0,  then  either  Xk  «  0  or  i2  ■  0,  k  <  12n  -  9. 

3.  If  Xn6m  ■  0  and  X6  ■  6X,  then  either  X  is  nilpotent  or  6  is 
nilpotent. 

Chapter  5.  Assuming  R  is  a  prime  ring,  characteristic  R  i  2,  and 
A»6»Y»£,  and  a  are  derivations  of  R: 

1.  If  X,6,y,  and  e  are  nonzero  and  X6  -  ye  ■  a  ,  then  a  c  S  C  such  that 
either  a)  X  ■  cy  and  5  ■  c  *6 

or  b)  X  ■  ce  and  6  ■  c  S. 

3 

2.  If  6y  -  X  »  a,  then  either  6  ■  0  or  y  ■  0. 

Chapter  6.  Assuming  R  is  a  prime  ring  and  X  and  5  are  derivations  of  R 

2k  +  1 

1.  If  X6X  -  0  and  neither  X  nor  6  is  nilpotent,  then  X  is  a 

2222  2k +1  + 

derivation,  X  5  *  6  X  ,  and  X6  X  ■  0,  ¥  k  £  Z  , 

2 

2.  If  A4  X  ■  0,  characteristic  Rl*  2,  and  R  has  no  zero  divisors,  then 
either  X  is  nilpotent  or  6  is  nilpotent. 


2 


PRELIMINARIES 


2.1  Definitions 

A  prime  ring  R  Is  a  ring  with  the  property  that  for  a,b  €  R, 

if  axb  ■  0  for  all  x  €  R,  then  either  a  *  0  or  b  ■  0.  Primitive  rings, 

2 

integral  domains,  and  simple  rings  with  R  1*  0,  are  all  examples  of 
prime  rings.  A  ring  R  is  called  a  semi-prime  ring  if  for  a  €  R,  axa  *0 
for  all  x  €  R  implies  a  ■  0.  It  follows  that  every  prime  ring  must  be 
semi-prime.  However,  the  converse  need  not  be  true.  (For  example, 

Z  ©  Z,  the  direct  sum  of  two  copies  of  Z,  is  semi-prime  but  not 
prime.)  A  derivation  of  a  ring  R  is  an  additive  mapping  X  :  R  -*•  R 
satisfying  X(xy)  ■  Xxy  +  xXy  for  all  x,y  S  R.  A  derivation  X  is  called 
an  inner  derivation  if  there  exists  an  element  a  in  R  such  that 
Xx  -  ax  -  xa,  for  all  x  in  R. 

If  R  is  a  nonzero  ring  and  there  exists  a  positive  integer  n  such 
that  na  ■  0,  Y  a  6  R,  we  call  the  smallest  such  positive  integer  the 
characteristic  of  R.  If  no  such  positive  :f’*>^ger  exists,  R  is  said  to 
have  characteristic  zero.  If  R  is  a  prime  ring  then  the  characteristic 
of  R  is  either  zero  or  a  prime  number.  We  say  a  ring  R  is  n-torsion 
free  if  nx  -  0  implies  x  -  0,  V  x  €  R.  If  R  is  n-torsion  free  then 
characteristic  R  f  n.  If  R  is  prime  and  characteristic  R  >  n,  then  R 
is  m-torsion  free,  V  m  <_  n. 

2.2  The  Generalized  Ring  of  Quotients  of  a  Prime  Ring 

In  Chapter  3,  we  will  make  extensive  use  of  the  notion  of  the 
generalized  ring  of  quotients  of  a  prime  ring  R.  Here  we  offer  a  brief 
development  of  this  notion,  similar  to  the  developments  presented  in 


Given  a  prime  ring  R,  let  L  denote  the  set  of  all  noneero,  two¬ 


sided  ideals  of  R.  Let  Q(R)  *  {(U,f)  |u  €  L  and  f  S  Hom^U^R^) },  where 
Hom^(U^,R^)  is  the  set  of  all  right  R-homomorphisms  from  into  R^. 

We  define  a  relation  ^  on  Q(R)  by  (U,f)  *  (V,g)  iff  f  ■  g  on  a  nonzero 
ideal  W  C  u  n  V.  Since  R  is  prime  it  is  trivial  to  show  that  is 
indeed  an  equivalence  relation  on  qTrT.  Denote  by  [U,f]  the  equiva¬ 
lence  class  containing  (U,f)  and  by  Q(R) ,  or  just  Q,  the  set  of  equiva¬ 
lence  classes.  Addition  and  multiplication  are  then  defined  by  [U,f]  + 
[V.g]  -  [U  n  V,  f  +  g]  and  [U,f][V,g]  ■  [VU,  fg] ,  where  the  product  fg 
is  the  composition  of  functions.  With  these  operations  it  is  a  straight’ 
forward  exercise  to  verify  that  Q  is  an  associative  ring.  We  call  Q  the 
generalized  ring  of  quotients  of  R. 

A  very  important  property  of  Q  which  follows  from  the  definition 
is  the  following: 


If  q  6  Q»  q  1*  0,  then  3  a  nonzero  ideal  OCR  such  that  qU  C  R  and 
qU  4  0.  (2.1) 


Using  this  property  we  can  show  that  the  generalized  ring  of  quotients 
is  itself  a  prime  ring.  Assume  q^Qq2  “  0  where  q^  and  q2  are  nonzero 
elements  of  Q.  Since  4  0  and  q2  4  0,  3  nonzero  Ideals  and  U2 
such  that  q^U^  1  0  and  q2U2  **  Let  u  *  U1U2  note  that  U  4  0 
because  R  is  prime.  Then  q^U  4  0  and  q^U  4  0  since  q^  and  q2  are 
nonzero.  However,  q^Qq2  “  0  implies  q^(UR)q2(U)  -  (q^UjR^U)  *  0 
and  by  the  primeness  of  R  we  get  either  q^U  ■  0  or  q2U  "0.  The  con¬ 
tradiction  tells  us  that  q^Qq2  “  0  implies  either  q^  *  0  or  q2  •  0 
and  we  conclude  that  Q  is  a  prime  ring.  It  is  also  easy  to  show  that 


Che  characteristic  of  R  is  equal  to  the  characteristic  of  Q,  and  that 
R  Is  lsoaorphically  embedded  In  Q  via  the  map  a  ■+  [R,  a^] ,  where  a£ 
represents  left  multiplication  by  the  element  a. 

If  we  let  C  represent  the  center  of  the  generalized  ring  of  quotients 
Q,  then  it  is  obvious  that  C  has  a  unity  since  [R,  1]  is  a  unity  for  the 
ring  Q.  Further  we  can  prove  that  C  is  a  field.  Let  c  G  c,  c  4  0. 

Using  (2.1)  we  know  there  exists  a  nonzero  ideal  U  £  R  such  that  cU  j4  0. 
Moreover  cU  is  Itself  an  ideal  in  R  and  we  can  define  h  :  cU  -*■  R  by 
h(cu)  ■  u.  Then  h  is  a  right  R-homomorphlsm  and  by  letting  d  *  [cU,h] 
we  get  dc  *  cd  -  1  on  U. 

Besides  being  a  field,  C  is  especially  nice  in  that  it  is 
precisely  the  set  of  elements  in  Q  which  commute  with  all  of  R.  To 
prove  this,  start  with  w  G  Q,  w  ^  0,  and  q£Q,  qx  -  xq,  Y  x  G  R. 

Again  by  (2 . 1) ,  w  f  0  implies  a  a  nonzero  ideal  U  £  R  such  that 
wU  £  R  and  wU  4  0.  Then  for  all  u  G  U,  (qw)u  ■  q(wu)  ■  (wu)q  -w(uq) 

•  w(qu)  ■  (wq)u  and  it  follows  that  qw  «  wq.  Therefore  q  G  C  and  the 
proof  is  completed. 

We  have  noted  that  R  and  Q  are  both  prime  rings  with  the  same 

characteristic  value  and  that  R  is  isomorphically  embedded  in  Q.  In 

addition  C  is  a  field  and  C  ■  {q  £  Q|  qx  *  xq,  V  x  €  R).  With  this 

close  relationship  between  R  and  Q  one  might  hope  that  derivations  of 

R  would  extend  nicely  to  all  of  Q.  This  is  indeed  the  case  and  we  have 

the  following  powerful  result:  If  X  :  R  R  is  a  derivation,  then  there 

exists  a  unique  extension  A  :  Q  -*•  Q  such  that  A  is  a  derivation  of  Q 

and  A|r  ■  X.  Given  [U,f]  G  Q,  A  is  defined  by  A  ([U,f])  -  [U2,f  ], 

2 

where  f'(u)  ■  X(f(u))  -  f(X(u)).  Note  that  U  is  used  to  insure 

I 

X(u)  G  U  so  that  f(X(u))  makes  sense.  Also  note  f  is  an  element  of 


j  ^  ^  ^  ‘  1  ‘  a  <Jl  mV  *V  mV  »*.  ■**  a‘-  •*-  mV  ■*_ 


Hom^dJ^.R^  since  for  any  r  €  R,  f  (ur)  ■  A(f(ur))  -  f(X(ur)) 

-  A(f(u))r  +  f(u)X(r)  -  f(A(u))r  -  f(u)X(r)  -  f  (u)r.  Proving  A  is 

a  derivation  of  Q  is  a  routine  exercise.  To  see  A|  -  X,  let  x  £  R, 

R 

2  1 

and  use  the  definition  of  A  to  get  A([R,x^])  ■  [R  ,  x^],  where 

x'(r)  -  X(xr)  -  xXr  ■  (Xx)r  *  (XxJ^r.  Therefore  A([R,  x^])  - 
2 

[R  , (Ax)^]  *  [R,(Xx)^].  To  prove  the  uniqueness  of  A  let  q  £  Q,  q  4  0, 

and  assume  A  is  not  unique,  say  X  -  A^|R  and  X  ■  A2|R,  where  A^  and  A2 

are  derivations  of  Q.  By  (2.1),  q  j  0  implies  3  an  ideal  U  C  R,  U  4  0, 

such  that  qU  £  R  and  qU  j*  0.  Then  A^(qu)  *  A^qu  +  qA^u 

-  A2(qu)  *  A2qu  +  qAjU  implies  (A^  -  A2>qu  ■  0,  V  u  £  U.  It  follows 

that  (A^  -  A2)q  •  0  and  A^q  ■  A2q. 

A  derivation  X:  R  -*•  R  satisfies  a  polynomial  identity  over  C  if  a 

2  n 

a  polynomial  p(t)  -  aQ  +  a^  +  a2t  +. ..+  aQt  ,  a^^  £  C,  aQ  i  0,  such 

that  p(X)x  »  (a  +  a. A  +  a0X2  +. a  Xn)x  «  0,  V  x  £  R.  A  derivation 

ox  jl  n 

which  satisfies  a  polynomial  identity  over  C  is  called  algebraic  over  C. 

As  a  final  note,  if  the  field  C  is  not  algebraically  closed,  let  F 

be  the  algebraic  closure  of  C.  As  discussed  in  [11]  and  [24],  we  can 

define  S  ■  RC  +  C,  a  closed  prl.se  algebra  over  C,  and  P  ■  S  ©  ^F,  a 
prime  algebra  over  F.  A  derivation  X  of  R  can  be  extended  uniquely 
to  P.  We  say  X  is  algebraic  over  F  if  it  satisfies  a  polynomial 
identity  with  coefficients  from  F. 

2.3  Propositions 

We  conclude  this  chapter  with  several  propositions  which  will  be 


needed  later.  Theorem  2.9  is  similar  to  Proposition  2.8  and  may  be  of 
some  independent  interest  [3],  For  easy  reference,  we  repeat  the 
results  by  Posner  and  Kharchenko  mentioned  in  the  Introduction. 


Proposition  2.1 

(Posner)  [26] .  If  X  and  6  are  derivations  of  a  prime  ring  R 
with  characteristic  R  f  2,  and  if  the  composition  X6  is  also  a 
derivation  of  R,  then  either  X  ■  0  or  6  ■  0. 

Proposition  2.2 

(Kharchenko)  [21].  A  derivation  satisfying  a  polynomial  identity 
in  a  prime  ring  R  with  characteristic  zero  can  be  uniquely  extended  to 
an  inner  derivation  of  the  generalized  ring  of  quotients  of  R. 
Proposition  2.3 

[4]  .  A  derivation  X  satisfying  a  polynomial  identity  in  a  prime 
ring  R  with  characteristic  zero  must  satisfy  a  minimal  polynomial  of 

n  t  “  t  n 

the  form  ^i(x)  *  *  II  (x  -  c.)  (x  +  c.)  ,  where  the  c.  are  mutually 

1-1  n  -i 

distinct  elements  of  F;  nQ  £  n^,  nQ  is  odd;  and  n^  _>  —  for 

some  j  i  0. 

Proposition  2.4 

[16]  .  Suppose  a^,b^  ere  nonzero  elements  in  a  prime  ring  R  such 
t 

that  J  a.  x  b.  -0,  for  all  x  €  R.  Then  the  a  are  linearly  dependent 
i-1  1  1  1 


over  C  and  the  b^  are  linearly  dependent  over  C. 

Proposition  2.5 

[7]  .  Let  R  be  a  2-torsion  free,  semi-prime  ring  and  X  be  a 
derivation  of  R.  If  X  is  nilpotent  then  the  index  of  nilpotency  is  an 
odd  number. 

Proposition  2.6 

[5]  [12].  If  R  is  a  semi-prime  ring  and  X  is  a  derivation  of  R 
such  that  (Xx)n  ■  0  for  fixed  n  €  Z+  and  for  all  x  £  R,  then  X  ■  0. 
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Proposition  2.7 

[14].  Let  R  be  a  prime  ring,  characteristic  R  4  2,  and  suppose 
a,b  6  R  are  such  that  axb  +  bxa  ■  0,  V  x  6  R.  Then  either  a  *  0  or 
b  -  0. 

Proposition  2.8 

[4]  [8] .  Let  R  be  a  prime  ring  with  characteristic  zero  and  U  be 
a  nonzero  ideal  of  R.  Suppose  X  is  an  algebraic  derivation  of  R  such 

that  XW  C  W  and  f(X)  W  -  (0).  Then  f(X)R  -  (0). 

Theorem  2.9  Let  R  be  a  prime  ring  with  characteristic  zero  and  W  be 
a  noncentral  Lie  ideal  of  R.  Suppose  X  is  a  derivation  of  R  such  that 
X°W  -  (0) .  Then  XhR  -  (0)  for  some  h  S  Z+. 

Proof;  W  is  a  Lie  ideal  iff  W  is  an  additive  subgroup  and 

[u,x]  -  ux-xuGW  T  u  6  W,  x  6  R. 

We  know  [Xnu,x]  *0,  V  u  €  W,  x  €  R.  Let  j  be  the  least  such  that 
[X3u,x]  -  0,  V  u  G  W,  x  €  R.  Clearly  j  >  0  since  W  is  noncentral. 
Then 

Xn[u,x]  -  0  V  u  S  W,  x  e  R 

•  Xn+1[u,xJ  -  Xn(X[u,xD  -  Xn[Xu,x]  *0  V  u  e  W,  X  e  R 
■*  Xn+1[Xu,x]  -  Xn(X[Xu,x] )  -  Xn[X2u,x]  -  OVuew,  x€R 

■*  XQ  +  1[X2u,x]  -  Xn(X[X2u,x]>  -  Xn[X3u,x]  -0  V  u  €  W,  x  €  R 

■*  ...  *  X^J^u.x]  -  0  V  u  e  w,  X  €  R 

[XJ  "  Xu,Xnx]  -  0  V  u  e  w,  X  G  R. 

Let  m  be  the  least  such  that 

[Xj  ‘  Xu , X^x ]  -  0  V  u  €  w,  x  €  R. 

Notice  that  m  >  1  since  j  was  chosen  smallest. 


Replacing  x  by  xy  yields 


[X^  1u,Xm(xy)]  ■  [Xj  1u,  £  (  ®  )  XixXm— *  0  V  u  €  W,x,y  6R, 

i-0 

Replacing  x  by  Xmx  and  y  by  Xm”  ^y  yields 

[XJ  "  1u,  X2mxXm”  Xy]  -  0  V  u  €  W,x,y  e  r 

-  X2mx[Xj  "  Kf\m~  xy]  -  0  V  u  e  W,x,y  e  R.  (2.2) 

Replacing  x  by  (zX2m“  *x)  in  (2.2)  yields 

X2mzX2m  ^x[X^  \\*  *y]  ■  0  V  uG  W,x,y,z€E  R. 

2m  —  2 

Replacing  x  by  (XzX  x)  in  (2.2)  yields 

^2m+lz^2m  *y]  *  q  V  u€  W,x,y,z€  R. 

Replacing  x  by  (X2zX2m_3x)  in  (2.2)  yields 

.2m+2  2m -3  , .  j  -  1  .m- 1  ,  n  „  c  c  _ 

X  zX  x[X  u,  X  yj  -  0  V  u  =  W,x,y,z e  R. 


Eventually  we  obtain 

X4°  ^z  x  [X^  ^u,Xm  ^y]  *0  V  uS  W,x,y ,z6  R. 

By  the  primeness  of  R  we  may  conclude  X4n  ^  ■  0  and  the  theorem  is 
complete. 


As  encountered  in  the  last  proof,  repeated  use  of  the  symbol  V 
becomes  cumbersome  when  it  is  clear  from  the  context  that  arbitrary 
elements  are  involved.  Therefore  in  subsequent  proofs,  where  no 
ambiguity  exists,  the  repetitious  use  of  V  will  be  omitted. 
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3.  DERIVATIONS  SATISFYING  f(A,6)  -  A  -  6  -  0 


Consider  the  case  where  A  and  an  Iterate  A  are  both  derivations 
of  a  prime  ring  R.  Proposition  2.1  tells  us  that  if  n  ■  2  and 
characteristic  R  i*  2,  then  A  •  0.  For  n  ^  2,  Martindale  and  Miers  [24] 
have  recently  made  several  discoveries  assuming  A  is  an  inner  derivation. 
In  particular  they  have  shown  the  following: 

Proposition  3.1 

If  A  and  An  are  inner  derivations  of  a  prime  ring  R  and  character¬ 
istic  R  is  sufficiently  large,  then  A  is  algebraic,  and 

1)  if  n  is  odd,  then  either  An  -  0  or  the  minimal 
polynomial  of  X  is  semlsimple . 

2)  if  n  is  even,  then  A°  1  »  0. 

We  say  a  polynomial  f  is  semisimple  if  f  is  the  product  of  distinct 

irreducible  linear  factors  over  F.  Note  that  if  the  minimal  polynomial 

of  A  is  semlsimple.  Proposition  2.3  implies  it  must  be  of  the  form 
t 

♦X(x)  -  x  It  (x-  CjKx+Cj)  ,  c±  e  F. 


In  this  chapter  we  study  the  case  where  A  and  A  are  both  derivations 
of  a  prime  ring  R,  without  the  restriction  that  A  must  be  inner.  We 
begin  by  assuming  R  is  commutative. 


Commutative  Rings 


Lemma  3.2  Let  A  be  a  derivation  of  a  commutative  ring  R,  let  m,nS  z  , 
m  <  n,  and  let  N  denote  the  natural  numbers.  If  a  a  function  c  from 


X  N  to  Z  such  that  V  x1tx. ,  ...,  x  €  R, 
i-1  X  1 


.  ■  -  *  .  -  V  w  .  ’ 


K.+l  ic2+l 

J  c(k1,k2,...>ka)A  x±\  x2  ...  A 


k,+l  k0+l  k  -+1  k  +1 

X-A  x-  ...  A  m  x  -  A  ^  x  *0 
1  2  m-1  m 


(k.  +  k_  +. . .+  k  «  n  -  m) 
12  m 


then  3  a  function  d  from  X  N  to  Z  such  that  V  x, ,x- , . . . ,x . .  G  R, 

i«l  1  2  nrfl 


kl+1  k2+1 

l  d(k1,k2,...,katfl)A  xxA  x2  ., 


k  +1  k+1 

,  m  ,  nrrl  _  n 

.A  x  A  x  .  *  0. 

m  m+1 


(k^+  k2+. . .+  km|  ^■n  -m-1) 


Proof.  Using  commutativity ,  label  the  k.  so  that  k  y  0. 
-  l  m 


xm  by  VWl  implles  V  xl'x2'-IVVl  6  R’ 


Replacing 


kj+1  k2+l 

l  c(kltk2,...,km)  A  xxA  x2 


k+1.  k  +1 

x  Vi*  " 


(kl  +  k2  +...+  km  -  n-m) 


kl+l  k2+l  k+1^ 

X  c (k^ ,k2 i • . . jk^)  A  x^  A  x2  ...  A  x^ 

(k^  +  k2  +. . .+  ko»  n-m) 

/  k»+i  /va  k+i.j  .  N 

\  M J  J  *  ’  '*•»)  ' 


k+l  k.+l  k+1 

►  X  c(kltk2 . k^)  A  1  Xj^A  L  x2  ...A  ®“  xn 

(kj^  +  k2  +. ..+  ka-  n-m) 


/  m  /  k  +1\  k  +1-  j 


x  X^x  . , 
m  nri-1 


k.  +1  k„+l  k+1.. 

I  c<k1»k2””’km*X  xlX  *2  X  m  \ 
<kl  +  k2  +’"+  km’n-m) 


km_1  fkm+1\  ,km_J  j+1 

l  ^j  +  1 J  x  V  *. 


Letting  h  “  k  -1  -  j  yields 
m 


k+1  k+1 

X  cCk^yk^, . . .  .k^^.h+j+lJX  1  x-^X  1  x2  ...  > 


(k-  +  k  +. . .+  k  -+  h  +  j  ■  n  -  m  -  1) 
i  z  m— l 


(  i  (&) 

V+j  -  v« 


»h+1x  ^V, 
m  m+1 


kl+1  k2+1  k 

I  d(k1,k2,...,kB_i,h,J)  X  xxX  x2  ...  X 

(k^  ■+■  k2  +. . .+  k  ^+h+j  *  n  -  m  -  1) 


,,h+l  J  +  1  N  n 
(X  XmX  Xm+1)"° 


where  d(k.  ,k- , . . .  ,k_  ,,h,1)  -  c(k, ,k„ , . . .  ,k  .,h+1  +  l) 


Theorem  3 ■ 3  If  A  and  X  ,  n  >  1,  are  derivations  of  a  conmutative , 
semi-prime  ring  R  and  characteristic  R  is  sufficiently  large,  then  A*0 
Proof.  An  is  a  derivation  implies  Vx,  y  €  Rt 

An(xy)  ■  £  (  )An  *xA' y  =  A°xy  +  xAny 

i=0  1 


n-1 


n-2 


I  (  ”  )x,,-1xX1y  -  l 

i*l  *  i=Q  x 


n  v.n-i-l  .i+1 
A  xA  y 


0 


l 

j+i-n-2 


(j  +  i  +  2) 

'  i  +1  ' 


,j+l  .i+1 
AJ  xA  y 


=  0 ,  where  j  *  n  -  2  -  i . 


Applying  the  last  lemma  n-2  times  we  get  MAx^  Ax2  ...  Ax^  *  0, 

Vx1§x2, . . .  ,xn  S  R,  where  M€  Z+.  If  we  let  x  “  xi  for  i  =  l,2,...,n, 

then  M(Ax)n  *  0,  V  x  €  R.  For  characteristic  R  >  M  we  have  (Ax)n  ■  0, 

V  x  €  R.  The  proof  is  completed  by  using  Proposition  2.6. 

Corollary  3.4  If  A  and  An,  n  >  1,  are  derivations  of  a  semi -prime 
ring  R  with  center  G  and  characteristic  R  is  sufficiently  large,  then 
A(G)  -  0. 

Proof.  It  is  trivial  to  show  that  G  is  also  a  prime  ring  and  that  any 
derivation  of  R  is  also  a  derivation  of  G.  Therefore  A  and  X°  are  both 


derivations  of  G  and  by  Theorem  3.3  we  may  conclude  that  A(G)  *  0. 
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3.2  General  Rings 


We  now  drop  our  assumptions  that  R  is  commutative  and  prime,  and 
present  three  minor  but  interesting  results.  We  will  see  Lemma  3.5 
again  in  Chapter  4.  One  should  compare  Lemmas  3.6  and  3.7  to  Theorems 
3.9  and  3.11,  where  the  primeness  of  R  is  required. 

Lemma  3.5  If  X  is  a  derivation  of  a  ring  R  and  X(XxXy)  =  0  Vx,y  £  R, 

then  X^n+^  is  a  derivation  of  R,  ¥  n  6  Z+. 

Proof.  Observe  that  X(XxXy)  *  0,  V  x,y  €  R,  implies  X^1(XixX^y)  *  0, 

V  x,y  €  R  and  V  h,i,j  €  Z+.  We  proceed  by  induction  on  n.  Since 

X^(xy)  *  X^xy  +  3X^xXy  +  3XxX^y  +  xX^y  *  X^xy  +  3X(XxXy)  +  xX^y 

3  3  3  2n+l 

■  X  xy  +  xX  y,  XJ  is  a  derivation.  Now  assume  X  is  a  derivation 


for  n  «  l,2,...,k-l.  Then 

2k+l  2k  + 1 

,2k+l,  .  ZKrA  (.)  . 2k+l-i  .i 

X  (xy)  *2,  iyX  xXy 

i-0 


,2k+l  a.  i2k+l  ,  r  , 
X  xy  +  xX  y  +  2.( 

i-1 


2k 


,2k+l  .  . 2k+l  .  r  . 

-X  xy+xX  y+i( 

i-1 


.2k+l  .  ,2k+l 

X  xy+xX  y. 


2k+  1  N  .2k+l-i  . i 
±  )  X  xX  y 

2k +  1 N  ,2k+l-2i,,i  ,i  * 
.  )  X  (X  xX  y) 


3 

Lemma  3.6  If  X  and  X  are  derivations  of  a  ring  R,  characteristic 

R  y*  3,  then  X^n+^  is  a  derivation  of  R,  V  n  €  Z+. 

3  3  3  2 

Proof.  If  X  is  a  derivation,  then  X  (xy)  -Xxy+3Xxy+ 

3XxX^y  +  xX^y  -  X^xy  +  xX^y  and  we  get  3X^x  y  +  3XxX^y  -  3X(XxXy)  -  0, 
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V  x,y  €  R.  Since  characteristic  R  j  3,  X(XxXy)  -  0  and  the  proof  is 
concluded  by  our  last  lensna. 

Lemma  3.7  If  X  and  X3  are  derivations  of  a  ring  R,  characteristic 
R  1*  5,  then  X2  is  a  derivation  of  R. 

Proof .  X3  is  a  derivation  implies  V  x,y  S  R, 


^(xy)  ■  \  (  .  )X3  ixXiy  =  X3xy  +  xX3y 

i-0  x 


5X4xXy  +  10X3xX2y  +  10X2xX3y  +  5XxX4y  *  0 


5X3(XxXy)  -  5X3xX2y-  5X2xX3y  =  0 


5X3(XxXy)  -  5X(X2xX2y)  -  0 


X3(XxXy)  -  X(X2xX2y)  »  0  . 


(3.1) 


X  is  a  derivation  iff  V  x,y  €  R, 

*^(xy)  •  £  (  2  )  X2  ixXiy  -  X2xy  +  xX2j 


i-0 


~7X« 


i5„.2 


7X  xXy  +  21XJxX<’y  +  35X4xX3y  +  35XJxX4y  +  2lXzxX:>y  +  7XxX°y  *  0 


3,4 


[2.  ,5 


~  7,5 


7X5(XxXy)  -  14X3xX2y  -  35X4xX3y  -  35X3xX4y  -  l4X2xX3y  -  0 
7X5(XxXy)  -  14X3(X2xX2y)  +  7X4xX3y  +  7X3xX4y  -  0 


7X5(XxXy)  -  14X3(X2xX2y)  +  7X(X3xX3y)  -  0. 


(3.2) 


Since  X  is  a  derivation,  (3.1)  implies 
[7X5(XxXy)  -  7X3(X2xX2y)]  +  [-7X3(X2xX2y)  +  7X  (X3xX3y)]  -0+0 
Therefore  (3.2)  is  satisfied  and  X2  is  a  derivation. 


Results  for  n  -  3,  4,  5,  and  6 


Returning  to  prime  rings,  our  next  lemma  is  a  powerful  variation 
of  Proposition  2.4,  giving  us  sufficient  conditions  for  a  derivation  X 
of  a  prime  ring  R  to  be  algebraic.  We  will  use  it  to  obtain  results 
for  f (A,5)  *  An  -  6  «  0,  n  -  3,4,5  and  6. 


Lemma  3.8  Let  f^,f2,...,fffl  be  functions  of  R  into  R,  where  R  is 

prime,  and  let  y, »  y~,  ...»  y  be  nonzero  elements  of  R  such  that 
l  z  m 

f-CxJzy,  +  f0(x)zy0  +. ..+  f  (x)zy  -  0,  V  x,  z  S  r.  Then  a 
x  x  z  z  mm 

c. ,  c-,  ....  c  ^c,  not  all  zero,  such  that  c,f.  +  c-f-  +...+  c  f  -0. 
xz  m  xxzz  mm 

Proof.  Note  that  for  m  -  1,  f^(x)zy^  *  0,  V  x,  z  S  R,  and  y^  ^  0 
implies  f^  -  0.  Suppose  the  lemma  is  false  and  choose  the  least  m. 

We  just  noted  that  m  >_  2  and  we  proceed  by  defining  c^  :  RymR  +  RykR, 


k  ■  1,2, .. . ,m,  by  cfc  (  \  u^y^v^)  *  \  uiykVi*  We  first  show  ck  is  wel1 

defined.  Assuming  \  u.y  v.  -  0  implies  7  f  (x)zu.y  v.  *  0.  Letting 

£  l  m  l  "  m  xml 

z  ■  zu.  in  our  initial  hypothesis  yields  f, (x)zu.y.  +. ..+  f  (x)zu.y  -0, 
l  x  l  x  m  x  m 

m-1 

Therefore  f  (x)zu.y_  -  -  7  f.(x)zu.y. 

m  i  m  j  i  j 

m-1 

*  I  I  f,(x)zu  y.v  -  0 
i  j-1  3  13 

m-1 


■*  l  f.(x)z(  l  U  y.v  )  -  0. 
j-1  3  i  1  3  1 

Since  m  was  chosen  to  be  least  we  must  have 


l 

i 


Vjvi 


0,  j  «  1,2,  ,.„m-] 


Therefore  c,  is  well  defined.  Also  it  is  clear  that  c,  is  a  right 


R-homomorphism  and  [Ry^R.c^]  £  Q(R) .  To  see  that  c^  €  C ,  let 


[U,g]  e  Q(R)  and  consider  c^g  acting  on  URy^R, 

Ckg(urlV2)  "  ck[g(url)ymr2]  "  g(url)ykr2  *  g(urlykr2)  =  gck(urlymr2) 


m 


By  hypothesis  we  have  7  f.(x)zy.  =  0.  Picking  r  <=  R  such  that  y  r  4  0, 

J  j  “ 


j-l 


m 


m 


we  get  \  f  (x)zy.r  *  0.  Replacing  zy.r  by  c.(zy  r)  yields 


j-l 


j'  ' 


j 


■j  m 
m 


m  m 

£  f.  (x)c.zy  r  *  0.  By  the  primeness  of  R,  £  f.(x)c. 

j-l  J  J  m  j-l  J  J 


Theorem  3.9  If  X  and  A  are  derivations  of  a  prime  ring  R, 

3 

characteristic  R  V  3,  then  X  is  algebraic  and  X  *  cX  for  some  c  G  C. 

Proof,  X3(xy)  ■  X3xy  +  3A2xAy  +  3AxA2y  +  xX3y  ■  X3xy  +  xX3y,  Vx,yG  R 
-  3X2xXy  +  3XxX2y  -  0 


■*  X2xXy  +  XxX2y  ■  0. 


(3.3) 


Replacing  x  by  Xx  in  (3.3)  yields  X3xXy  +  X2xX2y  -  0. 

3  3  2  2  2 

Replacing  x  by  xz  yields  X  xzXy  +  xX  zXy  +  X  xzX  y  +  2AxAzA  y  + 


2  2 

xX  zX  y  ■  0 


«*  x3 


A-'xzAy  +  X2xzX2y  +  2AxAzA2y  ■  0 


-►  X3 


X^xzXy  +  X2xzX2y  -  2AxA2zAy  ■  0. 


(3.4) 


Replacing  y  by  Xy  in  (3.3)  yields  X2xX2y  +  XxX3y  »  0. 

Replacing  y  by  zy  yields  X2xX2zy  +  2A2xAzAy  +  X2xzX2y  +  XxX3zy  + 


XxzX  y  -  0 


♦  XxzX3y  +  X2xzX2y  +  2A2xAzAy  ■  0 


*  XxzX3y  +  X2xzX2y  -  2XxX2zXy  -  0. 


(3.5) 


Subtracting  (3.4)  from  (3.5)  gives  AxzA  y  -  A  xzAy  *  0.  This  is  the 
desired  form  for  Lemma  3.8  and  the  proof  is  complete. 


4 

Theorem  3 . 10  If  A  and  A  are  derivations  of  a  prime  ring  R, 

3  4  6 

characteristic  R  f  2,  then  A  is  algebraic  and  {A, A  ,A  , A  }  is 
linearly  dependent  over  C. 

Proof.  A^(xy)  *  A^xy  +  4A3xAy  +  6A2xA2y  +  4AxA3y  +  xA^y  ■  A^xy  + 
V  x,y  €  R 

•  4A3xAy  +  6A2xA2y  +  4AxA3y  »  0 

•  2A3xAy  +  3A2xA2y  +  2AxA3y  -  0.  (3.6) 

Replacing  x  by  Ax  in  (3.6)  yields  2A^xAy  +  3A3xA2y  +  2A2xA3y  «  0. 

Replacing  x  by  xz  yields  2lSczAy  +  2xA^zAy  +  3A3xzA2y  +  9A2xAzA2y  + 
9AxA2zA2y  +  3xA3zA2y  +  2A2xzA3y  +  4AxAzA3y  +  2xA2zA3y  *  0 

^  2A^xzAy  +  3A3xzA2y  +  2A2xzA3y  +  9AxA2zA2y  +  9A2xAzA2y 

+  4AxAzA3y  «  0  (3.7) 

2A^xzAy  +  3A3xzA2y  +  2A2xzA3y  +  9A2xAzA2y  -  6AxA3zAy 
-  6AxAzA3y  +  4AxAzA3y  ■  0 

•  2A^xzAy  +  3A3xzA2y  +  2A2xzA3y  +  9A2xAzA2y  -  6AxA3zAy 

-  2AxAzA3y  ■  0.  (3.8) 

Replacing  y  by  Ay  in  (3.6)  yields  2A3xA^y  +  3A2xA3y  +  2AxA^y  -  0. 
Replacing  y  by  zy  yields  2A3xA2zy  +  4A3xAzAy  +  2A3xzA2y  +  3\2xA3zy 
+  9A2xA2zAy  +  9A2xAzA2y  +  3A2xzA3y  +  2AxA^zy  +  2AxzA^y  ■  0 
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2AxzA4y  +  2A3xzA2y  +  3A2xzA3y  +  9A2xAzA2y  +  9A2xA2zAy 


+  4A  xAzAy  *  0 


(3.9) 


2AxzA4y  +  2X3xzA2y  +  3A2xzA3y  +  9A2xAzA2y  -  6AxA3zAy 
-6A3xAzAy  +  4A3xAzAy  *  0 


2AxzA4y  +  2A3xzA2y  +  3A2xzA3y  +  9A2xAzA2y  -  6AxA3zAy 


-  2A  xAzAy  ■  0. 


(3.10) 


Subtracting  (3.10)  from  (3.8)  implies  2A4xzAy  -  2AxzA4y  +  A3xzA2y 
-  A2xzA3y  -  2AxAzA3y  +  2A3xAzAy  -  0. 

CO  ft  c  y  a 

Replacing  x  by  Ax  and  y  by  Ay  yields  2A  xzA  y  -  2A  xzA  y  +  A  xzA  y 


3  4  2  4  4  2 

-  A  xzA  y  -  2A  xAzA  y  +  2A  xAzA  y  *  0 


■*  10A5xzA2y  -  10A2xzA5y  +  5A4xzA3y  -  5A3xzA4y  -  10A2xAzA45 


+  10A4xAzA2y  *  0. 


(3.11) 


C  /  ry  “3  Q 

Replacing  x  by  Ax  in  (3.7)  yields  2 A  xzAy  +  3A  xzA  y  +  2A  xzA  y 
+  9A^xAzA2y  +  9A2xA2zA2y  +  4A2xAzA^y  -  0. 

Replacing  y  by  Ay  in  (3.9)  yields  2AxzX5y  +  2A3xzA3y  +  3A2xzA4y 
+  9A2xAzA3y  +  9A2xA2zA2y  +  4A3xAzA2y  **  0. 

Subtracting  the  last  equation  from  the  one  preceeding  it  we  get 
2A^xzAy  -  2AxzA^y  +  3A4xzA2y  -  3A2xzA4y  +  5A3xAzA2y 
-  5A2xAzA^y  ■  0. 

6  5  2  2  5 

Taking  A  of  both  sides  implies  2A  xzAy  +  2A  xzA  y  -  2A  xzA  y 

6  52  43  34  25  42 

-  2AxzA  y  +  3A  xzA  y  +  3A  xzA  y  -  3A  xzA  y  -  3A  xzA  y  +  5A  xAzA  y 

+  5A3xAzA3y  -  5A3xAzA3y  -  5A2xAzA4y  ■  0 


*.  i*.  • .  •*.  **.  **.  «*. 


ft" 


2A^xzAy  +  5A^xzA^y  +  3xSczA^y  -  3A^xzA^y  -  5A^xzA^y  -  2AxzA^y 


+  SA^xAzA^y  -  5A^xAzA^y  *  0 


4A^xzAy  +  lOA^xzA^y  +  6A^xzA^y  -  6A^xzA^y  -  lOA^xzA^y 


-  4AxzA^y  +  lOA^xAzA^y  -  lOA^xAzA^y  =  0. 


(3.12) 


Subtracting  (3.11)  from  (3.12)  implies  4A^xzAy  +  A^xzA^y  -  A^xzA^y 


-  4AxzA  y  ■  0.  Now  apply  Lemma  3.8. 


Theorem  3.11  If  A  and  A  are  derivations  of  a  prime  ring  R, 


characteristic  R  y  5,  then  A  is  algebraic  and  A'  -  cA  for  some  c  6  c. 
_  r,5,  ,  5-i  .1  _  .5 


Proof.  A  (xy)  -  I  (  i  )  A  -ixA  y  *  A^xy  +  xAy,  V  x,y  6  R 
i-0 


•*  SA^xAy  +  lOA^xA^y  +  lOA^xA^y  +  5AxA^y  *  0 


■*  A^xAy  +  2A^xA^y  +  2A^xA^y  +  AxA^y  ■  0.  (3.13) 


Replacing  x  by  Ax  in  (3.13)  yields  A^xAy  +  2A^xA^y  +  2A^xA^y 


+A^xA^y  -  0. 


5  5  4  2  3  2 

Replacing  x  by  xz  yields  A  xzAy  +  xA  zAy  +  2A  xzA  y  +  8A  xAzA  y 


+  12A^xA^zA^y  +  8AxA^zA^y  +  2xA^zA^y  +  2A^xzA^y  +  6A^xAzA^y 


+  6AxA^zA^y  +  2xA^zA^y  +  A^xzA^y  +  2AxAzA^y  +  xA^zA^y  *  0 


A^xzAy  +  2A^xzA^y  +  2A^xzA^y  +  A^xzA^y  +  2AxAzA^y 


23  32  23  222 

+  6A  xAzA  y  +  8A  xAzA  y  +  6AxA  zA  y  +  12A  xA  zA  y 


+  8AxA^xA^y  ■  0. 


(3.14) 


-■  -  .  .'-/i 
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^  A^xzAy  +  2A^xzA2y  +  2A3xzA3y  +  A2xzA^y  +  2AxAzA^y 
+  6A2xAzA3y  +  8A3xAzA2y  +  6AxA2zA3y  +  12A2xA2zA2y 

-  4AxA^zAy  -  8AxA2zA3y  -  4AxAzA^y  ■  0 

♦  A^xzAy  +  2A^xzA2y  +  2A3xzA3y  +  A2xzA^y  -  2AxAzA^y  +  6A2xAzA^y 

+  8A3xAzA2y  -  2AxA2zA^y  +  12A2xA2zA2y  -  4AxA^zAy  *  0.  (3.15) 

Replacing  y  by  Ay  in  (3.13)  yields  A^xA2y  +  2A3xA3y  +  2A2xA^y  +  AxA3y  *0. 

/  2  <  i  2  3  3 

Replacing  y  by  zy  yields  A  xA  zy  +  2A  xAzAy  +  A  xzA  y  +  2A  xA  zy 

+  6A3xA2zAy  +  6A3xAzA2y  +  2A3xzA^y  +  2A2xA^zy  +  8A2xA^zAy 

+  12A2xA2zA2y  +  8A2xAzA3y  +  2A2xzA^y  +  AxA^zy  +  AxzA^y  ■  0 

**  AxzA^y  +  A^xzA2y  +  2A3xzA3y  +  2A2xzA^y  +  2A^xAzAy  +  6A3xAzA2y 

+  8A2xAzA3y  +  6A3xA2zAy  +  12A2xA2zA2y  +  8A2xA3zAy  -  0  (3.16) 

^  AxzA^y  +  A^xzA2y  +  2A3xzA3y  +  2A2xzA^y  +  2xScAzAy  +  6A3xAzA2y 

+  8A2xAzA3y  +  6A3xA2zAy  +  12A2xA2zA2y  -  4AxA^zAy  -  8A3xA2zAy 
-  4A^xAzAy  -  0 

AxzA^y  +  A^xzA2y  +  2A3xzA3y  +  2A2xzA^y  -  2A^xAzAy  +  6A3xAzA2y 


+  8A2xAzA3y  -  2A3xA2zAy  +  12A2xA2zA2y  -4AxAAzAy  -  0. 


(3.17) 


5  5  4  2 

Subtracting  (3.17)  from  (3.15)  implies  A  xzAy  -  AxzA  y  +  A  xzA  y 

-  A2xzA^y  -  2AxAzA^y  +  2A^xAzAy  -  2A2xAzA3y  +  2A3xAzA2y  -  2AxA2zA3y 
+  2A3xA2zAy-  0. 


Replacing  x  by  Ax  and  y  by  Ay  yields  A  xzA  y  -  A  xzA  y  +  A  xzA  y 


-  A^xzA^y  -  2A^xAzA"*y  +  2A^xAzA^y  -  2A^xAzA^y  +  2A^xAzA^y 

2  2  4  4  2  2 

-  2A  xA  zA  y  +  2A  xA  zA  y  ■  0 

*•  3A^xzA^y  -  3A^xzA^y  +  3A^xzA^y  -  3A^xzA^y  -  6A^xAzA^y  +  6A^xAzA^y 
-  6A^xAzA^y  +  6A^xAzA^y  -  6A^xA^zA^y  +  6A^xA^zA^y  =  0.  (3.18) 

Replacing  x  by  Ax  in  (3.14)  yields  A^xzAy  +  2A^xzA^y  +  2A^xzA^y 

+  A^xzA^y  +  2A^xAzA^y  +  6A^xAzA^y  +  8A^xAzA^y  +  6A^xA^zA^y 

3  2  2  2  3  2 

+  12A  xA  zA  y  +  8A  xA  zA y  *  0. 


r  t  *3  / 

Replacing  y  by  Ay  in  (3.16)  yields  AxzA  y  +  A  xzA  y  +  2A  xzA  y 

+  2A^xzA"*y  +  2A^xAzA^y  +  6A^xAzA^y  +  8A^xAzA^y  +  6A^xA^zA^y 

2  2  3  2  3  2 

+  12A  xA  zA  y  +  8A  xA  zA  y  -  0. 

Subtracting  the  last  equation  from  the  one  preceding  it  we  get 

.6  .  .6  ,  0.5  .2  _  2  .5  ,  ,4  3  ^3  .4 

A  xzAy  -  AxzA  y  +  2A  xzA  y  -  2A  xzA  y  +  A  xzA  y  -  A  xzA  y 

2  4  42  223  322 

-  6A  xAzA  y  +  6A  xAzA  y  -  6A  xA  zA  y  +  6A  xA  zA  y  *  0. 


7  6  2  2  6  7 

Taking  A  of  both  sides  implies  A  xzAy  +  A  xzA  y  -  A  xzA  y  -  AxzA  y 


+  2A^xzA^y  +  2A^xzA^y  -  2A^xzA^y  -  2A^xzA^y  +  A^xzA^y  +  A^xzA^y 
-  A^xzA^y  -  A^xzA^y  -  6A^xAzA^y  -  6A^xAzA^y  +  6A^xAzA^y 
+  6A^xAzA^y  -  6A^xA^zA^y  -  6A^xA^zA^y  +  6A^xA^zA^y  +  6A^xA^zA^y  =  0 

•  A^xzAy  +  3A^xzA^y  +  3A^xzA^y  -  3A^xzA^y  -  3A^xzA^y  -  AxzA7y 

34  25  52  43  224 

-  6A  xAzA  y  -  6A  xAzA  y  +  6A  xAzA  y  +  6A  xAzA  y  -  6A  xA  zA  y 

4  2  2 

+  6A  xA  zA  y  ■  0, 


(3.19) 


Subtracting  (3.18)  from  (3.19)  implies  X  xzXy  -  XxzX  y  -  0. 
Again  apply  Lenma  3.8  and  the  theorem  is  complete. 


In  Theorems  3.9,  3.10,  and  3.11  we  assumed  that  X  and  Xn  were 
derivations  of  a  prime  ring  R  for  n  -  3,4,  and  5, respectively.  For 
n  ■  6  we  will  need  the  following  special  lemma. 


Lemma  3.12  Let  X  be  a  derivation  of  a  ring  R.  Assume  V  x,y,z  G  R, 


3  d,  c^  €  Z  \  {0}  such  that  d(XnxXzXn+^y  -  Xn+^xXzXny) 


t  a,  b  b  a 

+  \  c  (X  xzX  y  -  X  xzX  y)  -  0, 
i-1 


(3.20) 


where  n  ^  2,  a^,b^  e  Z  ,  a^  distinct,  a^  <  b^,  a^  +  b^  *  2n  +  3,  and 
a^  -  1.  Also  assume  V  x,y,z  €  R,  3  c. ^  £  Z  \  {0}  such  that 


t  t 

o  a.b.  b.a.  1  a,.  b,,  b_,  a,. 

£  Cq^(X  °*xzX  °  y  -  X  0*xzX  °  y)  +  £  c1-f  (X  ScXzX  y  -  X  xXzX  y) 


i-1 


i-1 


'li 


JK  ai»i  k  ^ki  ^ki  k  ^ki 

+...+  J  c (X  xX  zX  y  -  X  xX  zX  y)  -  0  (3.21) 

i-1 


where  a^,  b^  6Z  ,  a^  distinct  for  fixed  j,  a^  <  b^, 


a^+bj^-m-j  for  some  fixed  m€Z,m^k  +  3,  and  at  least  one 
*ki 


<  n.  Then  3  c^  £  Z  \  {0}  and  a^,  €  Z+  such  that  V  x,y,z  £  R, 


A  *  *  *  * 

t  *  a  b  b.  a 

£  c. (X  xzX  y  -  X  xzX  y)  -  0. 
i-1 


Proof.  Assume  a^  -  min  {a^}  and  let  n  -  a^h  -  Z  >  0. 
Replacing  x  by  X*x  and  y  by  X*y  in  (3.21)  yields 


WHJL* 


fc  J 

I  I 

j-0  i-1 


kaji  J^V. 


c  .  (X  J  xXJzX  J  y  -.X  J  xXJzX  J1y)  =  0, 


(3.21*) 


,  *  *  i  i 

where  a^  -  +  £  and  b^  -  b^  +  i,  V  i,j.  Therefore  a^,  b  _>  2, 


Ji  ji 


V  i,j,  and  afci>  bfcl  >  n,  V  i,  except  =  n. 

•  t  t 

Case  1:  If  b^  -  a^  =  b^h  -  n  *  1,  then  t^  -  1.  Therefore  (3.21*) 

becomes 

l  i  c  (X  jixXjzX  J1y  -  X  jlxXjzX  jiy)  +  c.  .(XnxXkzXn+1y 
j-0 1-1  ki 

-  Xn+^xX^zXny)  -  0. 


Taking  X  of  both  sides  Implies 


k-1  j  a44+l  4  b  a44  4  b..  S..  .  b..+l 

l  I  c  (X  Ji  xX^zX  jiy  +  A  jixXJ+1zX  jiy  +  X  jixXJzX  Ji  , 
j-0  1-1  J 


-  xVrfO1*  -  X^Wx^y  -  A^zA^y) 


.  _  /,n+l  >k  ^n+1  .n  .k+1  n+1  ,  ..n  ,k  .n+2 

+  c.  .  (X  xX  zX  y  +  X  xX  zX  y  +  X  xX  zX  y 

.n+2  .k  .n’  .n+1  .k+1  .n  .n+1  ,k  .n+1  .  _ 

-  X  xX  zX  y  -  X  xX  zX  y  -  X  xX  zX  y)  -  0 

1 4  ’  »  »  »  I  • 

krl  J  a4,+l  4  b  a..  b..+l  b,.+l  ,  a,. 

#  I  I  c  (X  ^  xX^zX  ^y  +  X  ^xA^zA  ^  y  -  X  ^  xX^zA  ^  j 
j-0  1-1  J1 

*  t 

i  /,n  .k  ,n+2  .n+2  .k  ,n  .  _ 

-X  xXzX  )  +  c,  .  (X  xX  zX  y-X  xXzAy)*0. 


Now  substitute  X  z  for  z  In  (3.20)  and  use  the  resulting  equation 

(with  the  coefficients  appropriately  adjusted)  to  replace  the  term 

k  k-1 

involving  X  z  in  the  last  equation  by  terms  involving  X  z. 


Case  2: 


1.  Therefore  (3.21') 


If  \h  -  V '  \h  - n ' 2- then  'k  - 


becomes 
k-1 


j-0  1=1 


i  •  i  • 

c .  .  (X  JixXjzX  Jiy  -  X  ^xX^zX  jiy) 


'ji 


,  ,s n  .k  ,n+2  .n+2  ,k  ,n  „ 

+  ck^(x  xX  zX  y  -  x  xX  zX  y)  *  n. 


As  in  Case  1,  use  (3.20)  to  replace  the  last  term  with  terms  involving 


,k-l 
X  z. 


Case  3;  If  bkh  “  \h  "  bkh  “  n  "  r  >  2»  then  define  *  a^,  *  *  h 


t  •  t 


and  bfci  *  bki,  i  j*  h,  and  use  (3.20)  to  replace  a^  with  a^h1*8^  +  2 

i  tit 

and  b^k  with  b^  *  b^  -  2.  We  may  do  this  since  (3.20)  implies 


i  i  t  i 

(n  » Ah  .k  Ah,  ,  „  ,..akh+2  ibkh“2 

(cfchd)X  xX  zX  y  *  c^  [dX  xX  zX  y  - 


t  a.  .  .  b.+r-2  b.  .  -  a  +r-2 

r  /,  i  .k-1  .  i  ,  i  ,k-l  ,  i  . . 

i  c  (X  xX  *X  y  -  X  xX  zX  x)  ] 

i-1  1 


and  t  i  «  • 

,  .* .Ah  ,k  .Ai  _  „  r.Ah”2  .k  .akh+2  . 

(ck^d)X  xX  zX  y  ■  c^ldX  xX  zX  y  + 


t  a  +r-2  ,  .  b  b ,+r-2  a 

J  c.  (X  xX  zX  y  -  X  xX  zX  y)]. 

i-1  1 


k-1 


Notice  that  in  all  three  cases  we  must  introduce  a  X  z  term 


of  the  form  c(XxX^  ^zX^y  -  X^xX^”^zXy) .  Moreover  this  term  does  not 


k-1  ’ 

cancel  with  any  other  term  involving  X  z  since  a^  >  2  V  i,j.  If 


» t  » * 


we  are  dealing  with  case  three,  note  that  we  now  have  a^,  bfci  ^  n  +  1 


Vi.  We  continue  using  (3.20)  to  eliminate  expressions  with  X  z. 


Since  a^ ,  b^  n  +  1,  V  i,  as  we  eliminate  an  expression  involving 


k  k-1 

X  z,  we  can  only  get  expressions  involving  X  z  of  the  form 


c(XaxX^  ^"zX^y  -  X^xX^  3zX*y)  where  a,  b  ^  2.  The  conclusion  is  that 


k  k-1 

after  getting  rid  of  all  X  z  terms,  there  must  still  be  a  X  z  term 


of  the  form  c(XxX^  3zX^y  -  X^xX^  ^zXy).  We  now  start  the  whole 


.k-1 


process  over,  eliminating  all  terms  with  X  z.  Eventually  we  must 
arrive  at  the  desired  conclusion. 


Theorem  3.13  If  X  and  X  are  derivations  of  a  prime  ring  R  and 
characteristic  R  is  sufficiently  large,  then  X  is  algebraic. 


Proof.  X°(xy)  *  £  (  ?  )  X^  ixX^y  ■  Xbxy  +  xXby,  V  x,  y  G  R, 

i-0  1 


-  6X5xXy  +  15X4xX2y  +  20X3xX3y  +  15X2xX4y  +  6XxX5y  -  0.  (3.22) 

Replacing  x  by  Xx  in  (3.22)  yields  6X^xXy  +  15X3xX2y  +  20X4xX3y 

3  4  2  5 

+  15X  xX  y  +  6X  xX  y  ■  0. 

ft  ft  C  O  lx  *) 

Replacing  x  by  xz  yields  6X  xzXy  +  6xX  zXy  +  15X  xzX  y  +  75X  xXzX  y 

+  150X3xX2zX2y  +  150X2xX3zX2y  +  75XxX4zX2y  +  15xX3zX2y  +  20X4xzX3y 

+  80X3xXzX3y  +  120X2xX2zX3y  +  80XxX3zX3y  +  20xX4zX3y  +  15X3xzX4y 

+  45X2xXzX4y  +  45XxX2zX4y  +  15xX3zX4y  +  6X2xzX3y  +  12XxXzX3y 
+  6xX2zX3y  ■  0 


6A  xzAy  +  15A  xzA  y  +  20A  xzA  y  +  15A  xzA  y  +  6A  xzA  y 


+  75A4xAzX2y  +  150A3xA2zA2y  +  150A2xA3zA2y  +  75AxA4zA2y  +  80A3xAzA3y 
+  120A2xA2zA3y  +  80XxX3zX3y  +  45X2xAzA4y  +  45XxX2zX4y 
+  12XxXzX3y  =  0.  (3.23) 

By  (3.22),  75AxA4zA2y  -  -  30AxA5zAy  -  l00XxX3zX3y  -  75XxX2zX4y 

-  30AxAzA3y 

6X^xzXy  +  15A3xzA2y  +  20A4xzA3y  +  15X3xzX4y  +  6X2xzX3y 
+  75A4xAzA2y  +  150X3xX2zX2y  +  150A2xA3zA2y  -  30XxX3zXy  +  80A3x\zA3y 
+  120A2xA2zA3y  -  20XxX3ZX3y  +  45X2xXzX4y  -  30XxX2ZX4y 

-  18XxXzX5y  =0.  (3.24) 

Replacing  y  by  Xy  in  (3.22)  yields  6A3xA2y  +  15A4xA3y  +  20X3xX4y 

+  15X2xX^y  +  6XxX^y  ■  0. 

5  2  5  5  2 

Replacing  y  by  zy  yields  6 A  xA  zy  +  12A  xAzAy  +  6 A  xzA  y 
+  15A4xA3zy  +  45A4xA2zAy  +  45A4xAzA2y  +  15A4xzA3y  +  20A3xA4zy 
+  80A3xA3zAy  +  120A3xA2zA2y  +  80A3xAzA3y  +  20A3xzA4y  +  15A2xA3zy 
+  75A2xA4zAy  +  150A2xA3zA2y  +  150A2xA2zA3y  +  75A2xAzA4y  +  15A2xzA3y 

+  6AxA^zy  +  6AxzA^y  *  0 


6X5xzX2y  +  15X4xzX3y  +  20X3xzX4y  +  15X2xzX5y  +  6XxzX6y 
+  12x5xXzXy  +  45X4xX2zXy  +  45X4xXzX2y  +  80X3xX3zXy  +  120X3xX2zX2y 


.3 _ 3 


.2  ,4 


+  80x"xXzXJy  +  75X‘txX‘tzXy  +  150X2xX3zX2y  +  150XZxX2zX3y 


.2  . 2  ,3 


+  75X2xXzX4y  =  0. 


By  (3.22),  75X2xX4zXy  *  -  30XxX5zXy  -  100X3xX3zXy  -  75X4xX2 


(3.25) 


zXy 


-  30 X  xXzXy 
.5 __%2 


,4  ,3 


6X"xzX"y  +  15  X**xz  XJy  +  20X3xzX4y  +  lSX^xzX^y  +  6XxzX6y 


,2  ,5 


>4  ,2 


-  18X'/xXzXy  -  SOX^xX^zXy  +  45X4xXzX2y  -  20X'3xXJzXy  +  120X3xX2zX2y 


,3  ,3 


.3  „ 2  ,2 


+  80X3xXzX3y  -  30XxX5zXy  +  150X2xX3zX2y  +  150X2xX2zX3y 
+  75X2xXzX4y  *  0. 


(3.26) 


Subtracting  (3.26)  from  (3.24)  implies  6X°xzXy  +  9X5xzX2y 


1 4 _ ,3 


.3 _ 4 


o  c 

+  5X>zXJy  -  SX’^xzX'V  -  9X  xzX  y  -  6XxzX°y  +  SOx'xXzX'V 
+  30X3xX2zX2y  -  30X2xX2zX3y  -  20XxX3zX3y  +  20X3xX3zXy 

-  30X  xXzX4y  -  30XxX2zX4y  +  30X4xX2zXy  -  18XxXzX5y  +  18X5xXzXy 


0. 


Replacing  x  by  Xx  and  y  by  Xy  and  multiplying  by  7  yields 

42X7xzX2y  +  63X6xzX3y  +  35X5xzX4y  -  35X4xzX5y  -  63X3xzX6y 

-  42X2xzX7y  +  210X5xXzX3y  +  210X4xX2zX3y  -  210X3xX2zX4y 

-  140X2xX3zX4y  +  140X4xX3zX2y  -  210X3xXzX5y  -  210x2xX2zX5y 

+  210X  xX2zX2y  -  126X2xXzX^y  +  126X^xXzX2y  ■  0.  (3.27) 

Replacing  x  by  Xx  in  (3.23)  yields  6X?xzXy  +  15X6xzX2y  +  20X5xzX3y 


3 


+  15A4xzA4y  +  6A3xzA3y  +  75A3xAzA2y  +  150A4xA2zA2y  +  150A3xA3zA2y 


+  75A2xA4zA2y  +  80A4xAzA3y  +  120A3xA2zA3y  +  80A2xA3zA3y 
+  45A3xAzA4y  +  45A2xA2zA4y  +  12A2xAzA3y  =  0. 

Replacing  y  by  Ay  in  (3.23)  yields  6A3xzA3y  +  15A4xzA4y  +  20A3xzA3y 
+  15A2xzA^y  +  6AxzA^y  +  12A3xAzA2y  +  45A4xA2zA2y  +  45A4xAzA3y 
+  80A3xA3zA2y  +  120A3xA2ZA3y  +  80A3xAzA4y  +  75A2xA4zA2y  +  150A2xA3zA3y 
+  150A2xA2zA4y  +  75A2xAzA5y  =  0. 


Subtracting  the  last  equation  £rom  the  one  preceding  it  we  get 
6A2xzAy  +  15A^xzA2y  +  14A3xzA3y  -  14A3xzA3y  -  15A2xzA^y  -  6AxzA2y 
+  63A3xAzA2y  +  105A4xA2zA2y  +  70A3xA3zA2y  +  35A4xAzA3y 

-  70A2xA3zA3y  -  35A3xAzA4y  -  105A2xA2zA4y  -  63A2xAzA3y  «  0. 

Taking  A  of  both  sides  implies  6A®xzAy  +  6A2xzA2y  +  15A2xzA2y 
+  15A^xzA3y  +  14A^xzA3y  +  14A3xzA4y  -  14A4xzA3y  -  14A3xzA^y 

-  15A3xzA^y  -  15A2xzA2y  -  6A2xzA^y  -  6AxzA®y + 63A^xAzA2y 
+  63A3xAzA3y  +  105A3xA2zA2y  +  105A4xA2zA3y  +  70A4xA3zA2y 

+  70A3xA3zA3y  +  35A3xAzA3y  +  35A4xAzA4y  -  70A3xA3zA3y  -70A2xA3zA4y 

-  35A4xAzA4y  -  35A3xAzA3y  -  105A3xA2zA4y  -  105A2xA2zA3y 

-  63A3xAzA3y  -  63A2xAzA^y  *  0, 

8  7  2 

Combining  terms  and  multiplying  by  2  we  get  12A  xzAy  +  42A  xzA  y 
+  58A^xzA3y  +  28A3xzA4y  -  28A4xzA3y  -  58A3xzA^y  -  42A2xzA^y 


-  12AxzA  y  +  126A  xAzA  y  +  196A  xAzA  y  +  210A  xA  zA  y 


423  432  234  35 

+  210A  xA  zA  y  +  140A  xAzA  y  -  140A  xA  zA  y  -  196A  xAzA  y 

-  210A3xA2zA4y  -  210A2xA2zA5y  -  126A2xAzA6y  -  0.  (3.21 

Subtracting  (3.27)  from  (3.28)  implies  12A®xzAy  -  5A^xzA3y 

-  7A3xzA4y  +  7A4xzA3y  +  5A3xzA^y  -  12AxzA3y  -  14A3xAzA3y 
+  14A3xAzA3y  ■  0. 

This  equation  and  (3.28)  satisfy  the  hypotheses  of  Lemma  3.12. 

*  ,  ,  ,  *  *  + 

Therefore  3  c^  G  Z  \ {0}  and  a^,  bi  G  Z  such  that 

l  c*  (A^xzA^y  -  AbixzAaiy)  -  0. 
i-1  1 

By  Lemma  3.8  we  conclude  that  A  is  algebraic. 

3.4  Results  for  Arbitrary  n  €  Z+ 

The  last  two  theorems  of  this  chapter  concern  the  situation 
where  A  and  An  are  derivations  of  a  prime  ring  R  for  general  n  G  Z 
Here  and  in  Chapters  4  and  5  we  will  use  the  following  simple  but 
versatile  lemma. 

Lemma  3.14  Assume  A  is  a  derivation  of  a  prime  ring  R  and  3 
0  4  a  G  R  such  that  a(AnR)  ■  0  or  (AnR)a  *  0.  Then  A2n  3  ■  0. 

Proof.  Assuming  a(AnR)  ■  0  and  x,  y  G  R,  we  have  aAn(xy)  *  0 

•  a  (  J  (  J  )AixAn"iy)  -  0  (3.2' 

i-0 


Replacing  x  by  An  ^x  yields 

aAn-1xAny  =  0  (3.30) 

Replacing  x  by  An~2x  and  y  by  Ay  in  (3.29)  and  using  (3.30)  yields 

0  (3.31) 

in  (3.29)  and  using  (3.30)  and 

0 

2iiMX 

Continuing  this  process  we  eventually  obtain  axA^  y  «  0.  Since 
this  is  true  Y  x,  y  €  R,  by  the  primeness  of  R  we  conclude  that 

A2”"1  -  0.  Similarly,  if  0  *  a  €  R  and  (A^a  *  0  then  A2n-1  =  0. 

Theorem  3.15  If  A  and  An  are  derivations  of  a  prime  ring  R  and  a 

a  G  R  such  that  Aa  0  and  A  a  *  0,  then  A  *0.  If  in  addition 
characteristic  R  y  2,  then  An  ■  0  if  n  is  odd  and  An  ^  *  0  if  n  is 
even. 

Proof.  An  is  a  derivation  implies  An(xy)  *  Anxy  +  xAny 

-  I  (  ?  )  An  *xA*y ,  V  x,y  €  R. 

1*0 


- ***  •  J 

Therefore  £  (?)  *n”  xAy  *  0, 

V  x,y  €  R. 

i-1  1 

Letting  y  ■  a  implies  An  ^xAa  »  0, 

V  x  €  R 

(3.32) 

Letting  x  -  a  implies  AaAn  ^y  *  0, 

V  y  €  R 

(3.33) 

,n-2  .n+1 
aA  xA  y 


n_3  2 

Replacing  x  by  A  x  and  y  by  Ay 


(3.31)  yields 


,n-3  ,n+2 
aA  xA  y 


In  either  case,  X  ■  0  by  Lemma  3.14.  If  characteristic  R  4  2 
then  by  Posner’s  Proposition  3.1,  (Xn)^  *  0  — 1  Xn  -  0.  Proposition  2.5 

says  the  index  of  nilpotency  must  be  an  odd  number  and  we  have 
Xn_1  -  0  if  n  is  even.  If  characteristic  R  *  0,  then  an  alternative 
proof  is  available  by  noting  that  (3.32)  and  (3.33)  together  imply 
X^n  ^  (RXaR)  *  0.  Therefore  by  Proposition  2.8,  X^n  -  0. 


Theorem  3.16  Assume  X  and  Xn  are  derivations  of  a  prime  ring  R, 
A  annihilates  C,  and  characteristic  R  -  0.  If  3  0  ^  a  £  R  and 
0  5*  c  €  C  such  that  Xa  -  ca,  then  X  is  algebraic. 


n-1 


Proof.  Xn  is  a  derivation  implies  \  °  )  Xn_ixXiy  «  0,  V  x,y  6  R. 


i-1 


Letting  x  «  a  and  using  A(G)  -  0  implies  a 


(X  ■ ; 1  •““) 


y  M 


V  y  €  R. 


n-1 


Letting  y  *  a  and  using  A(C)  ■  0  implies  [(  I  (  ?  )  cn  iXi)x]a»0, 

i-1  X 


V  x  e  R. 


Since  II  (X  -  c.)  ,  j 

1-1, 


1,2,  ...,  t,  are  relatively  prime  as 


polynomials  of  X,  a  polynomials 


fl,f2* 


f  such  that 


1  -  f  (A)  II  (A  -  c  )  +  f_ (A)  n  (A  -  c.)  1 

i-2  1  i-l,i#  1 


t-1  n. 

+...+  f  (A)  n  (A  -  c  ) 

Z  i-1 

If  we  define  R  ■  {x  €  R  |[{A  -  c  )mx]  a  *  0  for  some  m}  and 
Ci  1 

R  *  {x  6  R  |a(A  -  c.)mx  ■  0  for  some  m},  then  R  *  j  R  and 
Cj  3  i-1  ci 

t  t  t 

R  =  J  R  .  Consider  RaR  -  (  ][  R  )a(  £  R  ).  For  all  z  €  R 

j-1  Cj  i-1  Ci  j-1  Cj 


2N. 


and  for  all  w  €  R  ,  a  N,.,  e  z'  such  that  (A  -  (c  +  c  +  c))  13  ( 

Cj  ij  i  j  ■ 


f  (  2Nij 

k-0 


2Nirk  ^ 

k  )  (A  -  c^  J  za(A~Cj)w*0.  Therefore 


By  Proposition  2.8,  A  is  algebraic 


4 


.  DERIVATIONS  SATISFYING  f(X,<S)  -  Xnfim  -  0 


Let  X  and  6  be  derivations  of  a  prime  ring  R.  In  this  chapter 
we  investigate  what  can  be  said  when  Xn5m  ■  0  for  n,m  €  Z+.  If 
characteristic  R  4  2,  we  know  by  Posner's  Proposition  2.1  that 
X5  ■  0  implies  X  -  0  or  6  *  0.  Without  the  characteristic  restriction 
we  can  still  say  the  following: 

2 

Lemma  4.1  If  X6  ■  0,  then  either  X  *  0  or  {  ®  0. 


Proof.  For  any.x,y  £  R,  we  have  X6(xy)  ■  Xx6y  +  6xXy  ■  0. 

2 

Replacing  x  by  fix  we  get  fi  xXy  ■  0.  Now  use  Lemma  3.14  to  obtain 
2 

either  X  ■  0  or  J  *0. 


The  distinction  between  Posner's  result  and  Lemma  4.1  is  made 
clear  by  a  simple  example.  Consider  the  2x2  matrix  ring  over  the 
Galois  field  GF(22)  -  {0,l,w,w2},  with  X  and  5  defined  by 


,  V  X  €(GF(22)) 
2x2 


2 

The  characteristic  of  GF(2  )  ■  2  and  we  have  X5  *  0,  X  j*  0,  6^0, 
and  fi2  ■  0. 

Given  X6  ■  0,  Lemma  4.1  tells  us  that  while  we  cannot  Insure 
either  X  or  6  is  identically  zero,  we  do  know  at  least  one  of  them  is 
nilpotent.  This  leads  us  to  conjecture  that  V  n,m  €  z+,  XnSm  *  0 
implies  either  X  is  nilpotent  or  6  is  nilpotent.  We  show  that  if 
n  ■  1  or  m  ■  1,  or  if  X5  «fiX,  then  this  is  indeed  the  case. 
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For  n  -  1  or  m  ■  1 


Theorem  4 .2  If  X5m  ■  0,  then  either  X  -  0  or  <5r  *  0  where  r  <_  4m -1  . 


Proof.  Proceeding  by  induction.  Lemma  4.1  implies  that  the  result 
is  true  for  m  ■  1.  Assume  the  statement  is  true  for  m  =  1,2, . . . ,k-l. 
If  X6k  -  0,  then  Xdk(xy)  “0,  V  x,y  G  R. 


-  X(  l  (  k  )  6k_ix«iy  )  *  0. 
i-0  1 


k  k-1  2k 

Replacing  x  by  6*  x  and  y  by  6  y  yields  X(6  x5  y)  *  0 


, -k-1  .2k  .  .k-1  .  .2k  _ 

X6  xfi  y  +  fi  xXo  y  «*  0 


.  .k-1  -2k  A 
X6  xo  y  =  0. 


Applying  Lemma  3.14  gives  the  desired  conclusion. 


n  2  r 

Theorem  4,3  If  X  o  ■  0,  then  either  <5  -  0  or  X  *  0  where  rj<12n-9. 


Proof .  We  know  that  the  derivations  of  R  from  a  Lie  ring  under 
commutation  [20],  Therefore  [ 6 , X]  *  6X-X6  is  a  derivation 


[6X-X6,X]  -  6X2  -  2X6X  +  X26  is  a  derivation 


[6X2  -  2X6X+X26,X]  -  SX3  -  3X6X2  +  3X2<5X-X36  is 


a  derivation.  Continuing  we  get 


2f  2?~i  )  (-D1  X  2n_1-i 

j ft  * 


is  a  derivation. 


Supressing  the  coefficients  and  using  X  fi  »  0  we  get 


5X2n  ^  +  XfiX2n  2  +. ..+  Xn  3fiXn  is  a  derivation. 

Then  applying  Lemma  4.1  to  (  5X2n“l  +  XfiX2n_2  +...+  Xn_^6Xn)6  »  0 
2 

we  have  6  *  0  or 


. . 2n-l  .  « .. 2n-2  ,  ,  * n— 1 . ^  n  « 
fiX  +  XoX  +...+  X  oX  *  0. 


(4.1) 


If  fi2  j  0,  then  we  premultiply  (4.1)  by  Xn-3  to  get  Xn  ^6X2n~3  *  0. 
Premultiplying  (4.1)  by  Xn  2  it  follows  that 


Xn“2fiX2n_1  +  Xn"15X2n”2  -  0 


„  /.n-2..2n-l  ,  .n-1.. 2n-2. ,  _ 

—  (X  6X  +  X  fiX  )X  ■  0 


,n-2,.2n  „ 

X  fiX  -0. 


n— 3 

Premultiplying  (4.1)  by  X  it  follows  that 


Xn_36X2n_1  +  Xn-2fiX2n“2  +  Xn”15X2n~3  -  0 


/..n-3..2n-l  ,  .n-2..2n-2  ,  .n-1.. 2n-3. . 2  » 

•*  (X  fiX  +  X  5X  +  X  fiX  )X  *  0 


■*  xn_3fix2n+1  -  0. 


Eventually  we  arrive  at  5X 
the  proof. 


3n-2 


0.  Applying  Theorem  4.2  completes 


4.2  In  Case  X  and  fi  Commute 

Theorem  4.4  If  Xn6m  -  0  and  [X,6]  ■  0,  then  either  X  is  nilpotent 


or  fi  is  nilpotent 
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Proof.  V  x,y  e  R,  xV(xy)  -  0 


•*  0  -  Xn6m(5nrlXnx6Xn"1y) 


.n^m-l.n  .m+l.n-1 

■  X  (6  X  xo  X  y 

,m-l,2n  ,m+l,n-l 

■  6  X  xi  X  y 

-  0  -  AnJmCs”'2A2”xi”ri'1An'1y) 

-  An(6m'2A2nxS2”rt'1A,‘-1y) 


0  -  AnSm({"-3A3nx62nri’1An‘1y) 

-  An(6m-3A3nx53llrf3An-1y) 

-  «'"-3A4nx{3®,'1An-1y 


-  ’  0  -  An«,n(«A<n-1)nxS(,,,-2)"flAn'1y) 
-  An(6A(-1,nxS(m-1)"‘+1xn-1y) 


-  SA”'x8(*"1,'flAn'1y 

»  0  -  An5m(A,”xJ(,”_l>,,ri'lAn-1y) 

-  An(Annxj",2+lAn-1y) 

.  A("H’1)nx«m2<'1An‘1y 

n-1  m2+l  n— l,ml  n  .  2(nrfl)n-l  n 
By  Lemma  3.14,  either  X  5  -  X  6  *  0  or  X  0. 

If  j  0,  we  apply  the  above 

Xn"25 


n-1  ml 

argument  to  X  6  *  0  to  get 


2 

o-2,  1  *  _  ^n-2^  2  _  q  or  ^2(m  +2)(n-l)-l  ®  0 ®  If  X  is  not  nilpotent 


°n 

we  continue  this  process  to  eventually  get  5  ■  0. 
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One  should  ohserve  that  if  A^A^  and  X3  are  derivations  of  a 


,n,m,h 


prime  ring  R  and  ^^2X3  “  0*  it  does  not  follow  that  A^  is  nilpotent 

for  at  least  one  i.  For  example,  let  D  be  a  division  ring  and  consider 
x  3»  Assume  A^,A2»  and  A^  are  the  inner  derivations  defined  by  the 

unit  matrices  E^,  ^22*  an<*  E33» resPect*vely*  ^en  ^  is  obviously 

not  nilpotent  and  A^A^  *  A^A^  for  i,j  ■  1,2,3.  For  fixed  i. 


iX  A  XikEik  ~  A  XUEU’  V  X  “  (xi1J  €  D 


k-1 


A=1 


ij'  3  x  3- 


Therefore  A^  -  X13E13  +  X12E12  "  X21E21  ”  X31E31 


X2(X1X)  ““X12E12  “  X21E21 


A_(A_ (A-X))  »  0. 


5.  DERIVATIONS  SATISFYING  A  POLYNOMIAL  IDENTITY 
IN  MORE  THAN  TWO  VARIABLES 

In  this  chapter  we  assume  R  is  a  prime  ring,  characteristic  R  4  2, 

and  X,d,y,£,  and  a  are  derivations  of  R.  From  Posner's  Proposition 

(2.1)  we  know  Xd  -  y  implies  either  X  ■  0  or  5  *  0.  What  happens  if 
2 

X6  -  y  ?  More  generally,  what  happens  if  X6 » yel  Answers  to  these 

questions  are  given  in  Theorems  5.4  and  5.5.  We  also  investigate  the 

3  3 

case  where  X6  -  y  »  and  show  in  Theorem  5.7  that  X6  ■  y  implies 

either  X  *  0  or  (  *  0,  We  begin  with  a  few  lemmas. 

Lemma  5.1  Assume  f  and  g  are  functions  of  R  into  R.  Then 
f(x)zg(y)  +  g(x)zf(y)  ■  0,  V  x,z,y  €  R,  implies  either  f  •  0  or  g  «  0. 

Proof.  We  have  f(x)zg(x)  +  g(x)zf(x)  *  0,  V  x,z  6  R.  Assume  f  4  0. 
Then  f(x1>  4  0  for  some  x^  €  R  implies  gCx^  »  0  by  Proposition  2.7. 

Therefore  f(x^)zg(y)  ■  0,  V  z,y  €  R,  and  since  R  is  prime,  g  -  0. 
Similarly  g  4  0  implies  f  ■  0. 

Lemma  5.2  Assume  f  and  g  are  nonzero  functions  of  R  into  R.  Then 

f(x)zg(y)  -  g(x)zf(y)  -  0,  V  x,z,y  €  R,  implies  f  *  eg  for  some  c  €  C. 

Proof.  If  a  y  £  R  such  that  g(y)  i*  0  and  f(y)  +  0,  then  by  Lemma 
3.8  we  are  done.  Assume  no  such  y  exists.  Thus  V  y  €  R,  g(y)  «  0  or 
f(y)  -  0.  However,  g  i4  0  implies  a  w  €  R  such  that  g(w)  4  0  and 
therefore  f(w)  ■  0.  Then  f(x)zg(w)  -  g(x)zf(w)  -  f(x)zg(w)  *  0, 

V  x,z  €  R.  By  the  primeness  of  R,  f  *  0,  a  contradiction. 


Lemma  5.3  If  Xfi-yX-o,  then  either  X  =  0  or  fi  -  y. 


Proof.  Note  that  X(fi-y)  ■  X5  -  Xy  *  a  +  yX-Xy *  a  +  [y,X]. 

Since  the  commutator  of  two  derivations  is  again  a  derivation,  we  use 
Proposition  2.1  to  conclude  that  either  \  «  0  or  6  -y*  0. 

2 

Theorem  5.4  If  X,fi,  and  y  are  nonzero  and  Xfi  -  y  -a,  then 
X  -  cy  and  6  ■  c  \  for  some  c  €  C. 

Proof.  V  x,y  G  R,  (Xfi  -  Y^)(xy)  *  o(xy) 

2  2 

Xfixy  +  Xxfiy  +  fixXy  +  xXfiy  -  y  xz  -  2yxyy  -  xy  y  =  oxy  +  xoy 

•+  2yxyy  -  Xxfiy  -  fixXy  -0.  (5.1) 

Replacing  x  by  xz  yields 

2yxzyy  -  Xxzfiy  -  fixzXy  -  0.  (5.2) 

We  now  fix  y  €  R  and  use  (5.2)  to  show  Xy  *  0  fiy  «  0  yy  *  0 . 

Note  that 


Xy  ■  0  or  fiy  ■  0  ♦  2yyzyy  •  0,  V  ze  R^yy*0  (5.3) 
Also  note  that 

yy  ■  0  •*  Xxzfiy  +  fixzXy  *  0  V  x,z  €  R 

•*  Xyzfiy  +  fiyzXy  ■  0  V  z  €  R 

either  Xy  ■  0  or  fiy  ■  0  by  Proposition  2.7. 

However, 

Xy  i  0  and  fiy  -  fixzXy  “0  V  x,z  e  R  5*0,  a  contradiction, 

and 

Xy  •  0  and  fiy  +  0  Xxzfiy  *0  Vx,z€R^X*0,  a  contradiction. 


.*  .* 
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Thus,  yy  -  0  -  Xy  -  0  and  fiy  =  0.  (5.4) 

Together  (5.3)  and  (5.4)  imply  Xy  =  0  fiy  *  0  <■*  yy  ”  0  •  There¬ 
fore,  a  y  e  R  such  that  2yy  ^  0,  fiy  ^  0,  and  Xy  4  0.  Applying 
Lenma  3.8  to  (5.2)  we  obtain  Y  =  aX  +  bfi  for  some  a,b  e  C. 

Replacing  z  by  yz  In  (5.2)  yields,  V  x,z,y  €  R, 

2yxYZYy  -  Xxyzfiy  -  fixyzXy  *  0. 

Using  (5.1)  we  get 

Xxfizyy  +  fixXzyy  -  Xxyzfiy  -  fixyzXy  *  0. 

Replacing  x  by  xs  and  y  by  ty  yields,  V  x,s,z,t,y  €  r, 

Xxsfiztyy  +  fixsXztyy  ~  Xxsyztfiy-  fixsyztXy  »  0 

”*■  Xxs(6ztYy  -  YZtfiy)  +  fixs(XztYy  -  Yzt^y)  “0.  (5.5) 

Case  1:  Assume  a  z,t,y  €  R  such  that  (fiztyy  -  yztfiy)  4  0  and, 

(Xztyy  -  yztXy)  4  0.  By  Lenma  3,8,  X  ■  dfi  for  some  d  €  c.  Therefore, 

Y  ■  aX  +  bfi  *  a  (dfi)  +  bfi  *  (ad  +  b)fi  and  letting  c  ■  ad  +  b  we  get 

Y  ■  cfi.  Using  (5.2)  we  get 

2cfixzcfix  -  dfixzfix  -  fixzdfix  ■  0 

(2c^  -  2d)fixzfix  ■  0 

_  2  ,  -1  -1 
•  c  ■  d  or  cd  ■  c  , 


Therefore,  y  ■  cfi  ■  (cd”^)X  ■  c”^X,  as  we  desired. 


Case  2:  A'-sume  jj  z,t,y  S  R  such  that  (fiztyy  -  yztfiy)  4  0  and 

(Xztyy  -  YztXy)  4  0.  This  implies  for  each  fixed  z,t,y  €  R, 
fiztyy  -  yzt6y  *  0  or  Xztyy  -  Yzt*y  ■  0.  If  3  some  z,t,y€R,  such  that 
fiztyy  -  yatfiy  ■  0  (4  0)  and  Xztyy  -  yztXy  4  0  (-0),  then  using  (5.5) 
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we  get  6  =  0,  a  contradiction  (X  =  0,  a  contradiction).  Therefore 
Sztyy  -  yztdy  ■  0,  V  z,t,y  £  R,  or  Xztyy  -  yztXy  =  0,  V  z,t,y  €  r. 

Case  2.1:  If  6ztyy  -  yztdy  =  0,  V  z,t,y  G  R,  then  Lemma  5.2  implies 

y  *  c6  for  some  c  €  C.  Using  y  =  c5  in  (5.5)  we  get 

6xs(Xztc6y  -  cfiztXy)  =  0 

•*  Xzt6y  -  6ztXy  =  0 

■*  X  ■  d5  for  some  d  €  C  by  Lemma  5.2. 

The  proof  is  completed  as  in  Case  1. 

Case  2.2:  If  Xztyy  -  yztXy  *  0,  V  z,t,y  G  R,  then  by  Lemma  5.2, 

y  *  c  *X  for  some  c  1  €  C.  Using  y  *  c_1X  in  (5.5)  we  get 

Xxs(5ztc~^Xy  -  c-1Xzt6y)  *  0 

—  dztXy  -  Xzt6y  =  0 

X  -  d<S  for  some  d  6  C  by  Lemma  5.2. 

Again  the  proof  is  completed  as  in  Case  1. 

Theorem  5.5  If  X,5,y,  and  e  are  nonzero  and  Xd-ye^o,  then  a 
c  €  C  such  that 

1)  X  ■  cy  and  6  ■  c 

2)  X  ■  ce  and  5  -  c 


or 
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Proof.  V  x,y  6  R,  (X<5  -  ye)  (xy)  -  o(xy) 

+  *x<5y  +  $xXy  +  xX6y  -  yexy  -  yxey  -  exyy  -  xyey  -  axy  +  xoy 

**  Xx*y  +  <5xXy  -  yxey  -  exyy  -  0.  (5.6) 

Replacing  x  by  xz  yields 

XxzSy  +  SxzXy  -  yxzey  -  exzyy  =0.  (5.7) 

Replacing  z  by  Xz  yields 

XxXzdy  +  SxXzXy  -  yxXzey  -  exXzyy  -  0. 

Using  (5.6)  we  get 

Xxezyy  +  Xxyzey  -  Xx6zXy  +  fixXzXy  -  yxXzey  -  exXzyy  «  0. 

Replacing  x  by  xs  and  y  by  ty  yields 

Xxseztyy  +  Xxsyztey  -  XxsfiztXy 
+  fixsXztXy  -  yxsXztey  -  exsXztyy  -  0 

**  (dxsXz  -  Xxs6z)tXy  +  (Xxsyz  -  yxsXz)tey 

+  (Xxsez  -  exsXz)tyy  -  0.  (5.8) 

Case_J_:  Assume  t  x,s,z  e  R  such  that  6xsXz  -  Xxs6z  +  0, 

Xxsyz  -  yxsXz  i  0,  and  Xxsez  -  exsXz  i  0.  This  implies  for  each 
fixed  x,s,z  6  R,  ■  6xsXz  -  XxsSz  -0,  q2  *  Xxsyz  -  yxsXz  *  0, 

or  ™  Xxsez  —  exsXz  ■  0,  We  now  use  (5,8)  and  investigate  the 
following  possibilities: 

Case  1.1;  If  ax,s,z  €  R  such  that  q1  4  0  and  q2  “  q3  *  °»  then 
X  -  0,  a  contradiction. 

Case  1,2;  If  3x,s,z  €  R  such  that  q2  +  0  and  q^  -  q  ■ 

£  ■  0,  a  contradiction. 


0 ,  then 


Case  1.3:  If  a  x,s,z  6  R  such  that  q^  f  0  and  q^  «  =  0,  then 

y  -  0,  a  contradiction. 

Case  1.4:  if  g  x,s,z  S  R  such  that  q^  j*  0,  q£  #  0,  and  q^  =  0,  then 

X  ■  ce  for  some  c  £  C  by  the  left-right  symmetry  of  Lemma  3.8. 
Therefore  15  -  ye  ■  c  implies  ed  -  (c  ^y)e  *  c  ^o  and  we  conclude 
d  ■  c~^y  by  Lemma  5.3. 

Case  1.5:  If  a  x,s,z  €  R  such  that  q^  ^  0,  q^  ^  0,  and  q^  ■  0,  then 

X  *  cy  for  some  c  6  C  by  Lemma  3.8.  Using  X  «  cy  in  (5.7)  we  get 

cyxzdy  +  dxzcyy  -  yxzey  -  exzyy  *  0 

**  yxz(c  5  -  e)y  +  (c  5  -  e)xzyy  =  0 

■*  c6-e«0ord-c1e  by  Lemma  (5.1)  . 

Case  1.6:  If  3  x,s,z  €  R  such  that  q ^  f  0,  q^  f  0,  and  q^  *  0,  then 

2 

y  *  be  for  some  b  6  C  by  Lemma  3.8.  Therefore  X6  -  be  «  o  implies 
(b"1!)  d  -  e2  -  b~*o.  By  Theorem  5.4,  b-1X  -  ce  and  5  »  c_1e  for 
some  c  S  C.  Note  that  b  ^X  ■  ce  yields  X  *  bee  *  cy. 

Case  1.7:  If  q^  ■  dxsXz  -  Xxsdz  ■  0,  V  x,s,z  €  R,  then  X  *  b6  for 

2 

some  b  €  c  by  Lemma  5.2.  Therefore  bd  -  ye  -  a  implies 
(b”\)e  -  52  ■  -b  2a.  By  Theorem  5.4,  b  2y  «  c  *5  and  e  *  c  5  for 

some  c  S  c.  Notice  that  X  ■  bd  ■  b(cb  ^y)  -  cy. 

Case  1.8:  If  q£  ■  Xxsyz  -  yxsXz  ■  0,  V  x,s,z  £  R,  then  X  *  cy  ,  for 

some  c  €  C  by  Lemma  5.2.  We  have  as  in  Case  1.5,  d  *  c  ^e. 


Case  1.9:  If  q^  ■  Xxsez  -  exsXz  ■  0,  V  x,s,z  G  R,  then  X  ■  ce  for 

some  c  G  C  fay  Lensna  5.2.  We  have  as  in  Case  1.4,  6  »  c”*y. 

Case  2:  Assume  a  x,s,z  G  R  such  that  dxsXz  -  Xxsfiz  f  0, 

Xxsyz  -  yxsXz  0,  and  Xxsez  -  exsXz  J  0.  By  Lemma  3.8,  y  ■  aX  +  de 

for  some  a,d  G  C.  If  a  *  0,  then  y  *  de  (Case  1.6).  If  d  *  0  then 

y  ■  aX  (Case  1.5).  Therefore  assume  a  f  0  and  d  ^  0.  Using  (5.8) 
we  get 

(6xsXz  -  Xxs6z)tXy  +  (aXxsXz  +  dXxsez  -  aXxsXz  -  dexsXz)tey 

+  a(Xxsez  -  exsXz) tXy  +  d (Xxsez  -  exsXz) tey  -  0 
[(dxsXz  -  Xxsdz)  +  a(.Xxsez  -  exsXz)  ]tXy 

+  2d(Xxsez  -  exsXz) tey  “0.  (5.9) 

Case  2.1:  Assume  a  x,s,z  G  R  such  that 

■  [(dxsXz  -  Xxsfiz)  +  a(Xxsez  -  exsXz)]  f  0 

and 

P2  *  2d(Xxsez  -  exsXz)  4  0. 

Then  X  *  ce  for  some  c  G  c  by  Lemma  3.8  and  as  in  Case  1.4,  6  ■  c  Sr. 

Case  2.2:  Assume  j(  x,s,z  6  R  such  that  p^  +  0  and  p2  ^  0.  Then  for 

each  fixed  x,s,z  G  R,  either  p1  ■  0  or  p2  ■  0.  If  a  x,s,z  e  R  such 

that  p^  *  0  (?*  0)  and  p2  4  0  (*  0) ,  then  e  *  0>  a  contradiction 

(X  *  0,  a  contradiction).  We  conclude  therefore  that  V  x,s,z  e  R, 


(dxsXz  -  Xxsdz)  +  a(Xxsez  -  exsXz)  *  0 
(.$  -  ae)xsXz  -  \xs(  S  -  ae)z  -  0. 


(5.10) 


If  5  ■  ae»  then  (5.9)  becomes 

[a(exsXz  -  Xxsez)  +  a(Xxsez  -  exsXz)]tXy 

+  2d(Xxsez  -  exsXz)tey  *  0 

2d(Xxs£z  -  exsXz)tey  ■  0 

Xxs £z  -  exsXz  *  0,  a  contradiction. 

Therefore  6  ¥  a e  and  we  may  apply  Lemma  5.2  to  (5.10)  to  conclude 
that  6  -  a e -  eX  for  some  e  G  C,  e  ^  0.  We  now  have  y  *  aX  +  d£ 
and  6  ■  e X +  ae.  Using  (5.7)  we  obtain 

XxzeXy  +  Xxzaey  +  eXxzXy  +  aexzXy  -  aXxzcy  -  dexzcy 
-  exzaXy  -  exzdey  *  0 

•*  2eXxzXy  -  2dexzey  *  0 
eXxzXy  -  dexzey  *  0. 

Then  a  y  G  R  such  that  eXy  ¥  0  and  dey  ¥  0.  (If  not  then  X  ■  0  or 
e  *  0,  a  contradiction).  Therefore  X  *  ce  for  some  c  G  C  by  Lemma 
3.8  and  as  in  Case  1.4  we  have  6  ■  c 

2  3 

Lemma  5.6  If  cX  +6  "a  where  c  G  C,  c  ¥  0,  then  X  31  0. 

Proof.  V  x,y  G  R,  (cX2  +  63) (xy)  -  o(xy) 

cX2xy  +  2cXxXy  +  cxX2y  +  63xy  +  362x5y  +  3<5x<$2y  +  x63y  *  axy  +  x<jy 
2cXxXy  +  362x$y  +  36xfi2y  -  0.  (5.11) 

Replacing  x  by  xz  yields 

2  2 

2cXxzXy  +  2cxXzXy  +  36  xz6y  +  66x6z6y  +  3x6  z5y 
2  2 

+  36xz6  y  +  3x6z6  y  ■  0 


2  2 
■*  2cXxzXy  +  36  xzdy  +  66x6z6y  +  36xz6  y  «  Q. 

Replacing  z  by  6z  yields 

2cXx6zXy  +  36^x6z6y  +  66xd^z6y  +  36x6z6^y  »  0. 

Using  (5.11)  we  get 

2cXx6zXy  -  2cXxXz6y  -  2c5xXzXy  =  0 

XxdzXy  -  XxXzdy  -  6xXzXy  *  0. 

Replacing  x  by  xs  and  y  by  yt  yields 

XxsdzyXt  -  XxsXzydt  -  6xsXzyXt  *  0 

*  Xxs(5xyXt  -  Xxydt)  -  6xs( XxyXt)  *  0.  (5.12) 

Case  1:  Assume  a  z,y,t  €  R  such  that  6zyXt  -  Xzydt  j  0  and 

XxyXt  +  0.  Then  6  «aX  for  some  a  E  C  by  Lemma  3.8.  Using  (5.12) 
we  get 

Xxs(aXzyXt  -  XzyaXt)  -  aXxs(XzyXt)  -  0 

■*  XxsXzyXt  "  0 

■*  X  -  0. 

Case  2:  Assume  g  z,y,t  S  R  such  that  dzyXt  -  Xzydt  i  0  and 

XzyXt  1  0.  This  implies  for  each  fixed  z,y,t  S  R,  either 

6zyXt  -  Xzydt  -  0  or  XxyXt  "0.  If  3  x,y,t  €  R  such  that 

6zyXt  -  Xzyfit  “0  0*0)  and  XzyXt  i4  0  (■  Q) ,  then  using  (5.12)  we  get 

6  ■  0  (X  ■  0).  Notice  that  5*0  implies  X*  0.  Therefore  assume 

XzyXt  -  0,  V  z,y,t  S  R,  or  6xyXt  -  Xzy6t  -  0,  V  z,y,t  €  R.  If 


XxyXt  ■  0,  then  obviously  X  *  0.  If  6xyXt  -  Xxy6t  *  0,  then  from 

(5.12)  we  obtain  dxs(XzyXt)  *  0.  This  implies  6  =  0  or  X  »  0  and 

again  we  must  have  X  =  0. 

3 

Theorem  5,7  If  X<5  -  y  ■  o,  then  either  X  =  0  or  i  *  0. 

Proof.  V  x,y  6  R,  (X6  -  y3)  (xy)  -  cj(xy) 

3  2  2  3 

*•  Xdxy  +  Xx6y  +  SxXy  +  xXdy  -  y  xy  -  3y  xyy  -  3yxy  y  -  xy  y 

■  oxy  +  xoy 

2  2 

Xx6y  +  6xXy  -  3y  xyy  -  3yxy  y  *  0.  (5. 

Replacing  x  by  xz  yields 

2 

Xxz6y  +  xAzfiy  +  dxzXy  +  xfizXy  -  3y  xzyy  -  6yxyzyy 

2  2  2 
-  3xy  zyy  -  3yxzy  y  -  3xyzy  y  *  0 

2  2 
Xxzfiy  +  fixzXy  -  3y  xzyy  -  6yxyzyy  -  3yxzy  y  *  0. 

Replacing  z  by  yz  yields 

2  2  2 
Xxyzdy  +  dxyzXy  -  3y  xyzyy  -  6yxy  zyy  -  3yxyzy  y  -  0. 

Using  (5.13)  we  get 

Xxyzdy  +  dxyzXy  -  Xxdzyy  -  dxXzyy  -  yxXzdy  -  yxdzXy  *  0. 

Replacing  x  by  xs  and  y  by  ty  yields 

Xxsyztdy  +  dxsyztXy  -  Xxsdztyy  -  dxsXztyy 
-  yxsXztdy  -  yxsdztXy  ■  0. 

**  Xxs(yzt<$y  -  dztyy)  +  6xs(yztXy  -  Xztyy) 

-  yxs(Xztdy  +  fiztXy)  *  0. 


(5. 
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Case  1:  Assume  t  z,t,y  G  R  such  that  yzt6y  -  6ztyy  ^  0, 

yztXy  -  Xztyy  +  0,  and  Xzt<Sy  +  6ztXy  ^  0.  This  implies  that  for  each 

fixed  z,t,y  €  R,  -  yzt6y  ■  0,  q2  -  yztXy  -  Xztyy  =  0, 

q3  “  Xztdy  -  6ztXy  ■  0.  Now  use  (5.14)  and  consider  the  following: 

Case  1.1:  If  a  z,t,y  G  R  such  that  i  0  and  q2=*q3“0,  then  X  «*  0. 

Case  1.2:  If  a  z,t,y  G  R  such  that  q2  +  0  and  q^-q^-0,  then  6*0. 

Case  1.3:  If  a  z,t,y  6  R  such  that  q3  I4  0  and  q1  =  q2*0,  then  y  «  0. 

Notice  that  y  -  0  implies  X6  *  a  and  by  Posner’s  result,  either  x  *  0 
or  6  *  0. 

Case  1.4:  If  a  z,t,y  G  R  such  that  q^O,  q2^0,  and  q3*0,  then 

X  ■  c6  for  some  c  €  C  by  Lemma  3.8.  Applying  Lemma  5.6  to 
2  3 

c6  -  y  *  o  we  get  6-0. 

Case  1.5:  If  3  z,t,y  G  R  such  that  q^^  +  0,  q2*0,  and  q^O,  then 

V  ■  cX  for  some  c  €C  by  Lemma  3.8.  Use  (5.14)  to  obtain 

V  x,s,z,t,y  G  R, 

Xxs(cxzt5y  -  6ztcXy)  -  cxxs(xzt<$y  +  5ztxy)  *  0 
**  cXxs(Xzt6y  -  6ztXy  -  Xzt6y  -  dztxy)  ■  0 
*•  Xxs6ztXy  *  0 

either  X  ■  0  or  {  ■  0. 

Case  1.6:  If  3  z,t,y  G  R  such  that  q^O,  q2  i  0,  and  q.^0,  then 

y  ■  c6  for  some  c  G  C  by  Lemma  3.8.  Use  (5.14)  to  obtain 

V  x,s,z,t,y  G  R, 

6xs(c6ztXy  -  Xztcdy)  -  c5xs(Xzt5y  +  sztxy)  *  0 

m  c$xs(6ztXy  -  Xzt6y  -  Xzt6y  -  6ztXy)  -  0 


6xs\zt6y  ■  0 


either  6  -  0  or  X  -  0. 

Case  1.7:  If  q^  ■  yztfiy  “  6ztyy  ■  0,  V  z,t,y  G  R,  then  y*  0,  6  ■  0, 

5  ■  cy  for  some  c  €  C  by  Lemma  5.2.  This  is  Case  1.6. 

Case  1.8:  If  q2  ■  yztXy  -  Xztyy  ■  0,  ¥  z,t,y  G  R,  then  y  *  0,  X  ■  0, 

or  y  -  cX  for  some  c  G  C  by  Lemma  5.2.  This  is  Case  1.5. 

Case  1.9;  If  q^  *  XztSy  +  6ztXy  ■  0,  V  z,t,y  G  R,  then  by  Lemma  5.1, 

either  X  ■  0  or  i  ■  Q. 

Case  2;  Assume  a  z,t,y  G  R  such  that  q^  4  0,  4  0,  and  q^  j1  0. 

By  Lemma  3.8,  X  *  cfi  +  dy  for  some  c*d  6  C,  c  4  0  or  d  4  0.  If  c  *  0, 
then  X  m  dy  and  we  have  Case  1.5.  If  d  ■  0,  then  X  ■  cfi  and  we  have 

Case  1.4.  If  c  M  and  d  4  0,  then  substitute  cfi  +  dy  for  X  in  (5.14) 

to  get  ¥  x,s,z,t,y  €  R, 

cfixs(yztfiy  -  6ztyy)  +  dyxs(yzt5y  -  fiztyy) 

+  fixs(yztcfiy  +  yztdyy  -  cfiztyy  -  dyztyy) 

-  yxs(cfiztfiy  +  dyztfiy  +  fiztcfiy  +  fiztdyy)  *  0 

2fixs(cyztfiy  -  cfiztyy)  -  2yxs(cfiztfiy  +  dfiztyy)  *  0 
**  fixs(cyztfiy  -  cfiztyy)  -  yxs(cfiztfiy  +  dfiztyy)  ■  0.  (5.15) 

Case  2.1:  Assume  af  z,t,y  G  R  such  that  cyztfiy  -  cfiztyy  4  0,  and 
cfiztfiy  +  dfiztyy  4  0.  Then  for  each  fixed  z,t,y  G  R,  either 
p^  ■  cyztfiy  -  cfiztyy  ■  0  or  P2  ■  cfiztfiy  +  d<Sztyy  *0.  If  3  z,t,y  G  R 
such  that  p1  -  0  (.4  0)  and  p2  4  0  (*  0) ,  then  y  ■  0  (fi  ■  0) .  Therefore 
assume  cfiztfiy  +  dfiztyy  ■  0,  V  z,t,y  G  R.  Using  this  and  (5.15)  we  get 


6xs(cYxtfiy  -  cfiztYy),  V  x,s,z,t,y  G  R.  Since  a  z,t,y  e  R  such  that 
f  0,  we  conclude  that  5-0. 

Case  2.2:  Assume  3  z,t,y  £  R  such  that  j  0  and  4  0.  Then 

by  applying  Lemma  3.8  to  (5.15)  we  obtain  y  m  aS  for  some  a  G  c. 
This  is  just  Case  1.6. 


6.  DERIVATIONS  SATISFYING  OTHER  IDENTITIES 


6.1  Identity  161-0 

Assume  X  and  £  are  derivations  of  a  prime  ring  R.  By  Lemma  4.1, 

2 

X£  ■  0  implies  X  -  0  or  6  “0.  What  happens  if  X6X  =0?  A  simple 

example  indicates  that  we  cannot  conclude  that  either  X  or  6  is 
nilpotent . 


Example  1:  Let  R  he  the  2x2  matrix  ring  over  a  division  ring  and 

let  X  and  5  be  defined  by 


It  follows  easily  that  neither  X  nor  £  is  nilpotent.  However, 


Example  2:  Let  R  be  the  ring  of  real  quaternions.  If  we  define  X 

and  £  by  Xx  ■  [i,x]  and  £x  ■  [ j  ,x] ,  then  X£X»£X6«0.  However, 

X  and  £  are  not  nilpotent  since  in  R,  any  derivation  which 
annihilates  the  center  is  inner  and  any  nilpotent  inner  derivation 
is  induced  by  a  nilpotent  element. 


Although  AdA  ■  Q  does  not  imply  the  nilpotency  of  A  or  6  , 
several  interesting  statements  can  still  be  made.  We  first  need  two 
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detailed  lemmas. 


2  2 

Lemma  6.1  If  A6A  -  0,  then  either  6  A  -  0  or  A  (AxAy) A(AzAw)  -  0, 


V  x,y,z,w  €  R. 


Proof.  For  all  x,y  6  R,  A6A(xy)  ■  0 

2  2 

•+  6AxAy  +  A  x5y  +  XxA6y+ASxAy  +  6xA  y  +  AxdAy  *  0. 

2  2  2 

Replacing  x  by  dAx  yields  A6  xAy  +  6  AxA  y  *  0 


(6.1) 


2  2 
AaAy  +  aA  y  ■  0  where  a  -  6  Ax. 

2  2 

Replacing  y  by  yz  yields  Aa(Ayz  +  yAz)  +  a(A  yz  +  2AyAz  +  yA  z) 


Aa(yAz)  +  a(2AyAz  +  yA  z)  -  0. 

2  2 

Replacing  y  by  Ay  yields  Aa(AyAz)  +  a(2A  yAz  +  AyA  z)  *  0 


a(A2yAz  +  AyA2z)  *  0. 

2  2  2 

Replacing  z  by  zw  yields  a(A  yAzw  +  A  yzAw  +  AyA  zw  +  2AyAzAw 
+  AyzA2w)  ■  0. 

2  2  2 

Replacing  z  by  Az  yields  a(A  yAz Aw  +  2 Ay A  zAw  +  AyAzA  w)  ■  0 


aAy(A2zAw  +  AzA2w)  ■  0  , 

Replacing  y  by  yv  yields  a(Ayv  +  yAv)  A  (AzAw)  *  0. 

Replacing  v  by  A(AsAt)  yields  a(AyA(AsAt)  +  yA2(AsAt)) A(AzAw)  ■  0 


ayX2(XsXt)  A(AzAw)  *  0. 

2  2 

Thus,  either  6  Xx  *  0,  ¥  x  €  R  or  X  (XsXt) X(XzXw)  =  0,  V  s,t,z,w  €  R. 
2 

Lemma  6.2  If  X  (XxXy)X(XzXw)  *  0,  V  x,y,z,w  €  R,  then  either 
^  *  0  or  X(XxXy)  *  0,  V  x,y  €  R. 

Proof,  Assuming  b  -  X(XxXy)  we  have  XbX(XzXw)  *  0. 

2  2  2 

Replacing  w  by  wv  yields  Xb(X  zXwv  +  X  zwXv  +  XzX  wv  +  2xzXwXv 
+  XzwX2v)  “  0  . 

2  2  2 

Replacing  w  by  Xw  yields  Ab(X  zXwXv  +  2XzX  wXv  +  XzXwx  v)  *  0 
or 

XbXzX(XwXv)  ■  0. 

Replacing  z  by  zu  yields  Xb(Xzu  +  zXu)X(XwXv)  ■  0,  (6.2) 

Replacing  z  by  XzXt  in  (6,2)  yields  XbXzXtXuX(XwXv)  -  0. 

Replacing  u  by  XuXt  in  (6.2)  yields  AbzA(XuAr) X(XwAv)  -  0. 

Thus  either  X2(XxXy)  -  0  or  X(XuXr) X(XwXv)  -  0. 

Case  1:  X2(XxXy)  ■  0  A^xAy  +  2X2xX2y  +  AxA'V  ■  0. 

3  2  2  3 

Replacing  x  by  xs  yields  (X  xs  +  3X  xXs  +  3XxX  s  +  xX  s)Xy 

+  2(X2X8  +  2XxXs  +  xX2s)X2y  +  (Xxs  +  xXs)X^y  *  0 
or 

A^xsAy  +  3X2xXsAy  +  3AxA2sAy  +  2X2xsX2y 
+  4XxXsX2y  +  XxsX^y  *  0. 

Replacing  8  by  X2s  yields  X2xX^sXy  +  2AxA^sAy  +  2X2xX2sX2y 
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+  4XxX3sX2y  +  XxX2sX3y  ■  0 

X2xX3sXy  +  XxX4sXy  +  2X2xX2sX2y  +  2XxX3sX2y  -  0 

2  3  2  2  9  9  1 

X  xX  aXy  +  2X  xX  sX  y  -  XxX  sX  y  =  0 

2  3  2  3 

-X  xXsX  y  -  XxX  sX  y  =  0 

X(XxXs) X3y  -  0. 


Using  Lemma  3.14  we  obtain  that  either  X5  *  0  or  X(XxXs)  - 
V  x,s  €  R. 


Case  2:  X(XuXr) X(XwAv)  *  0 


X(XuXr) (X2wXv  +  XwX2v) 


Replacing  w  by  wp  in  (6.3)  yields 

X(XuXr) (X2wpXv  +  2XwXpXv  +  wX2pXv  +  XwpX2v  +  wXpX2v)  - 

Replacing  w  by  XwXq  yields  X(XuXr)XwXqX(XpXv)  «  0. 

Replacing  v  by  vg  in  (6.3)  yields 

X(XuXr) (X2wXvg  +  X2wvXg  +  XwX2vg  +  2XwXvXg  +  XwvX2g) 
or 

2  2 
X(XuXr) (X  wvXg  +  2XwXvXg  +  XwvX  g)  -  0. 

Replacing  v  by  Xv  yields  X(XuXr)XwX(XvXg)  -  0. 

Replacing  w  by  wXh  yields  X(XuXr)(XwXh  +  wX2h)X(XvXg)  - 

or 

X(XuXr)wX2hX(XvXg)  -  0. 

Thus,  either  X(XuXr)  »  0  or  X2hX(XvXg)  «  0. 


0, 


(6.3) 


0 


As  a  final  note,  applying  Lemma  3.14  to  X  hX(XvXg)  *  0  yields 


X^  *  0  or  X(XvXg)  =  0  V  v,g  G  R. 

Theorem  6.3  If  X6X  =  0  and  if  neither  X  nor  6  is  nilpotent,  then 
^2k+l  a  derivation,  v  k  £  Z+. 

2 

Proof .  Combining  Lemmas  6.1  and  6.2  we  have  either  6  X  *  0, 

X5  *  0,  or  X(XxXy)  =0,  V  x,y  €  R.  Considering  the  hypotheses  and 
Theorem  4.3,  we  must  have  X(XxXy)  ■  0,  V  x,y  6  R.  The  proof  is 
complete  by  using  Lemma  3.5. 


Theorem  6.4  If  X6X  *>  0  and  if  neither  X  nor  6  is  nilpotent,  then 


Proof.  XdX(xXy)  -  0,  V  x,y  S  R  X6(XxXy  +  xX2y)  »  0 
X(5XxXy  +  XxSXy  +  6xX2y  +  xfiX2y)  *  0 

•»  6XxX2y  +  X2x6Xy  +  X6xX2y  +  6xX^y  +  Xx5X2y  ■  0.  (6.4) 

X25X(xy)  *  0,  V  x,y  GR  *  X26(Xxy  +  xXy)  *  0 
X2(6Xxy  +  Xx6y  +  <5xXy  +  x6Xy)  -  0 


6XxX2y  +  X^x6y  +  X2xX6y  +  X6xX2y  +  SxX^y  +  X2xSXy  *  0.  (6.5) 

3  2  2 

Subtracting  (6,4)  from  (6.5)  gives  X  x<5y  +  X  xX6y  -  Xx5X  y  *  0. 

3  3 

Replacing  y  by  Xy  yields  X  x6Xy  -  Xx5X  y  «  0.  (6.6) 

3  3  3  3 

Replacing  x  by  xz  yields  X  xz6Xy  +  xX  z5Xy  -  XxzSX  y  -  xXzSX  y  ■ 


Replacing  z  by  SAz  yields  X  xSAzSAy  -  Ax6Az6A  y  ■  0 

or 

Ax6A3z6Ay  -  Ax6Az6A3y  =  0. 

3  3 

By  Lemma  3.14  we  have  SA  z<SXy  -  6Az5A  y  *  0. 

3  3 

From  (6.6)  we  know  S(A  x6Ay  -  Ax6A  y)  =  0 

■*  SA3x6Ay  +  X3x62Xy  -  6Ax6A3y  -  Ax62A3y  =  0 

3  2  2  3 

■*  a  x6  Xy  -  Xx6  Ay  =  0. 

Using  (6.1)  we  have  -X2xXS2Xy  -  Xx62X3y  =  0. 

Using  X(XsXt)  ■  0,  it  follows  that  XxX262Xy  -  Xxfi2X3y  =  0. 

By  Lemma  3.14  we  have  X262X  -  62X3  *  0 

(X262  -  62X2)X  -  0. 

2  2  2  2 

We  know  that  [[[6, A] ,A] ,$]  *  A  6  -  6  A  is  a  derivation.  Therefore 

2  2  2  2 

by  Lemma  4.1,  A  6  -  6  X  ■  0. 

Theorem  6.5-  If  A6A  ■  0  and  if  neither  X  nor  5  is  nilpotent,  then 

. .2k+l  _  „  ,  _  _+ 

A6  A  -  0,  V  k  e  Z  . 

Proof.  Theorem  6.4  implies  (A262  -  fi2A2)6A  *  A2fi3A  *  0.  In 
Theorem  6.3  we  saw  that  A(AxAy)  ■  0,  V  x,y  €  R.  Substituting 

63Ax  for  x  we  get  A(A53AxAy)  *  A2<53AxAy  +  Afi3AxA2y  -  Afi3AxA2y  -  0. 


Using  Lemma  3.14  and  the  fact  that  A  is  not  nilpotent  we  conclude 


Xfi3X  *  0.  Starting  with  (X^S^  -  62X2)63X  =  X263X  ■  0,  we  repeat 
the  same  argument  to  obtain  X5^X  =  0.  We  continue  this  process  to 
arrive  at  X6^+^X  *0,  ¥  k  6  Z+. 

6.2  Identity  X62l  »  0 

2 

Theorem  6.5  If  X6  X  =  0,  characteristic  R  ^  2,  and  R  has  no  zero 
divisors,  then  either  X  or  6  is  nilpotent. 

Proof.  X62X(xy)  -  0,  V  x,y  €E  R,  *►  X62(Xxy  +  xXy)  *  0 
•*’  X[62Xxy  +  26Xx6y  +  Xxfi2y  +  fi2xXy  +  2fix6Xy  +  x52Xy]  *  0 
»  62XxXy  +  2X6Xx5y  +  26XxX6y  +  X2xfi2y  +  XxX62y 

+  Xfi2xXy  +  fi2xX2y  +  2XSxSXy  +  2<5xX6Xy  +  Xx62Xy  «  0. 

Replacing  x  by  fi2Xx  yields  XS^XxXy  +  6^XxX2y  +  2XS3Xx6Xy 
+  253XxX6Xy  -  0. 

4  4  4  2 

Replacing  y  by  yz  yields  Xfi  XxXyz  +  X6  XxyXz  +  6  XxX  yz 

+  25^XxXyXz  +  6^XxyX2z  +  2X63Xx6Xyz  +  2X63XxXydz 

+  2X53Xx6yXz  +  2XS3XxyfiXz  +  263XxX6Xyz  +  263Xx6XyXz 

+  263XxX2y6z  +  263XxXyX6z  +  263XxX5yXz  +  2<53Xx6yX2z 

+  263XxXy6Xz  +  263XxyX6Xz  *  0. 

Replacing  z  by  fi3Xz  yields  2XS3XxXy53Xz  +  253XxX2yfi3Xz 

+  2«3XxXyX63Xz  -  0 
or 
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A63AxXy63Az  +  <S3A*A2y63Az  +  63AxAyA63Az  =  0. 

3  2 

Letting  i  ta  ■  a  we  obtain  AaAya  +  ax  ya  +  aXyXa  -  0,  (6.7) 

which  by  replacing  y  by  yt  yields 

XaXyta  +  AayAta  +  aX2yta  +  2aXyXta  +  ayx2ta 
+  aXytXa  +  ayxtxa  =  0. 

Letting  y  -  a  we  obtain  XaXata  +  xaaxta  +  ax2ata  +  axaxta 

+  aXatXa  -  0 

which  by  replacing  t  by  ta  yields 

XaatXaa  +  aXataXa  *  0.  (6.8) 


Replacing  t  by  tXaawXa  in  (6.8)  yields 

Xaa(tXaawXa) Xaa  +  aXa(tXaawXa)aXa  -  0 


-aAataXawAaXaa  +  aXat AaawXaaAa  “  0 


*•’  aXat  [-aXawXaXaa  +  XaawXaaXa]  «  0 
•*  aXa  *  0  or  -aXawXaXaa  +  \aaw\aa\a  »  0 

•*  aXa  -  0  or  -aXawXaXaa  -  aXawaXaXa  *  0 

♦  aXa  -  0  or  aXaw[xaXaa  +  axaXa]  «  0 


**  aXa  -0  or  XaXaa  +  aXaXa  -  0. 


Replacing  t  by  tXaawa  in  (6.8)  yields 

Xaa(tXaawa)Xaa  +  aXa(tXaawa)aXa  -  0 


-aXataXawaXaa  +  aXatXaawaaXa  -  0 


aXatf-aXawaXaa  +  XaawaaXa]  *  0 


a  Xa  *0  or  -aXawaXaa  +  XaawaaXa  =  0 

aXa  *  0  or  XaawXaaa  +  XaawaaXa  ■  0 

**  aXa  ■  0  or  XaawfXaaa  +  aaXa]  =  0 

aXa  »  0,  Xaa  *  0,  or  Xaaa  +  aaXa  *  0. 

Assume  aXa  i  0  and  Xaa  t  0.  Then  XaXaa  +  aXaXa  *  0  and 
Xaaa  +  aaXa  *  0. 

Therefore 

X(Xaaa  +  aaXa)  ■  0 

2  2 
**  X  aaa  +  XaXaa  +  XaaXa  +  XaaXa  +  aXaXa  +  aaX  a  «  0 

2  2 
«•>  x  aaa  +  2XaaXa  +  aaX  a  -  0 

2  2 
••  a(x  aaa  +  2Xaaxa  +  aaX  a)a  -  0. 

2 

Notice  that  XaXaa  +  aXaXa  -  0  implies  aX  aa  -  0  by  (6.7). 

Thus 

2aXaaXaa  -  0 
or 

aXaaXaa  ■  0. 

3 

We  have  shown  that  either  bXc  -  0,  V  b,c,  €  6  XR;  Xbc  ■  0, 

3  3 

▼  b,c  €  6  XR;  or  bXcdXef  -  0,  V  b,c,d,e,f  e  5  XR.  If  X  and  6  are 

3  3 

not  nllpotent  then  $  XR  1  0  by  Theorem  4.3.  Hence  X6  XR  ■  0.  But 

(6.7)  Implies  Xbxyc  +  bX^yc  +  bXyXc  ■  0,  V  b,c,  e  6^XR  and  V  y  6  R. 

2 

It  follows  that  x  y  ■  0,  V  y  €  R,  a  contradiction.  We  conclude  that 
either  X  or  6  oust  be  nllpotent. 


7 


OPEN  QUESTIONS  AND  REMARKS 


Conjecture  7.1:  (Chapter  3)  Assume  R  is  a  prime  ring  and  X  is  a 

derivation  o£  R.  We  say  X  is  algebraic  over  C  if  a  a  polynomial 

p(t)  ■  c  +  c.t  +. ..+  c  tm,  c.  €  C,  c  +0,  such  that  p(X)  x  * 
ox  mi  m 

(c  +  C-X  +. ..+  c  Xm)x  ■  0»V  x  6  R.  If  X  and  Xn  are  both  derivations 
o  l  m 

of  R,  then  we  saw  in  Section  3.3  that,  with  appropriate  characteristic 
restrictions,  X  is  algebraic  for  n  *  3,4,5,  and  6.  An  obvious 
question  is  whether  or  not  the  techniques  used  in  Section  3.3  can  be 
modified  or  extended  for  n  ^  7.  We  conjecture  that  if  X  and  Xn,  n  >  1, 
are  both  derivations  of  a  prime  ring  R,  with  characteristic 
sufficiently  large,  then  X  is  algebraic. 

Conjecture  7.2:  (Chapter  3)  Martindale  and  Miers  [24]  have  recently 

proven  Conjecture  7.1  to  be  true  if  X  and  Xn  are  inner  derivations. 

As  stated  in  Proposition  3.1,  they  have  not  only  shown  that  X  is 
algebraic,  but  also  the  following: 

(1)  either  Xn  ■  0  or  the  minimal  polynomial  ij>(x)  of  X 
is  semisimple  if  n  is  odd. 
and  (2)  Xn  *  ■  0  if  n  is  even. 

Assume  for  a  moment  that  the  characteristic  of  R  is  0,  6  and  5n  are 
both  derivations  of  R,  and  Conjecture  7.1  is  true  for  outer  as  well  as 
inner  derivations.  Then  6  is  algebraic.  We  would  also  like  to  conclude, 
as  in  Proposition  3.1,  that 

(1)  either  4n  ■  0  or  the  minimal  polynomial  i|>(x)  of  $ 
is  semisimple  if  n  is  odd. 
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and  (2)  6l 


0  if  n  is  even. 


Indeed,  this  is  the  case  if  A  is  a  derivation  of  Q,  where  A  is  the 

unique  extension  of  5  to  all  of  Q.  For  if  An  is  a  derivation,  then 

by  Kharchenko’s  Proposition  2.2,  A  and  An  are  both  inner  derivations, 

Thus  we  can  apply  Proposition  3.1  to  A  and  An,  and  since  Chung, 

Kovacs,  and  Luh  [4]  have  recently  shown  that  we  have  the 

0  A 

desired  conclusion.  Note  that  the  above  depends  on  An  being  a 
derivation.  Therefore  we  conjecture  the  following: 
if  6  and  <$n  are  both  derivations  of  a  prime  ring  R,  then  An  is  a 
derivation  of  Q,  where  A  is  the  unique  extension  of  6  to  all  of  Q. 

Conjecture  7.3:  (Chapter  4)  If  X  and  S  are  derivations  of  a  prime 

n  m 

ring  R  and  X  6  ■  0  for  n,m  €  Z  ,  then  either  X  or  6* is  nilpotent. 

Conjecture  7.4:  (Chapter  5)  If  X,6,  and  y  are  derivations  of  a 
prime  ring  R,  characteristic  of  R  is  not  2,  and  XA-y0,  where  n  is 
odd,  then  either  X  ■  0  or  A  *  0. 

Conjecture  7.5:  (Chapter  6)  If  X  and  6  are  derivations  of  a  prisne 

2 

ring  R  and  XA  X  ■  0,  then  either  X  or  6  is  nilpotent. 

Conjecture  7.6:  (Chapters  3,4,5, and  6)  Assume  X^,  A^  are 

derivations  of  a  torsion-free,  prime  ring  R  and 
C1  t2 

II  X.  -  II  5.  where  t.  is  even  and  t_  is  odd.  Then 

i-1  1  j-1  J  1  1 

either  ^  is  nilpotent  for  some  i  or  A^  is  nilpotent  for  some  j . 


As  a  final  note,  assume  R  is  a  prime  ring  and  X  is  a  derivation 


of  R.  Let  C[t]  be  the  ring  of  all  polynomials  in  t  with  coefficients 
in  C,  and  let  Z[y]  be  the  ring  of  all  polynomials  in  y  with 


coefficients  in  Z.-  We  wonder  what  can  be  said  if  3  polynomials 
f  €  Z[y]  and  p  S  C[t]  such  that  p(X)x  ■  xf(x),  V  x  G  R.  Obviously, 
if  f  -  0,  then  we  simply  have  the  case  where  X  is  algebraic.  The 
following  Theorem  addresses  the  special  situation  where  p(t)  *  t. 


Theorem  7.7  Assume  R  is  a  torsion-free  ring  and  X:R  R  is  defined 

by  X(x)  -  a  xn  +  a  ,xn_1  +. ..+  a0x2  +  a,x,  where  a.  G  Z,  a  5*  0. 
n  n— i  4  i  in 

If  X(z^z^)  ■  **2*2  +  zl*z2’  ^  Z1’Z2  S  R*  then  R  is  nil. 

Proof.  If  n  ■  1,  then  V  x  €  R,  X(x)  ■  a^x 
"•  a^x2  *  X(x2)  -  Xxx  +  xXx  *  2a^x2 
*•’  a^x2  “  0 


If  n  2,  then  V  x  €  R,  then  X(x  j  *  Xxx  +  xXx  *  2xXx 

a  x2n  +  a  .x2n’2  +...+  a.x^  +  a.x2 
n  n-1  2  1 


■  2a  x1*1  +  2a  .xn  +...+  2a«x2  +  2a.x2 
n  n-1  2  1 


^  2n  1,  .  .. 

*  a^x  -  x  (g(x) ) 


(7.1) 


where  g(x)  ■  b^x^  +  +. ..+  b^x  +  bo»  k  <  2n-2. 


2n 

Note  that  if  all  b^  ■  0,  then  x  -  0.  Therefore  assume  at  least  one 
bj  i  0.  Multiplying  (7.1)  by  22n  yields 


a  22nx2n  -  22nx2(b.  xk  +  b.  .x^1 


+. . .+  b.x  +  b  ) 


-  .  t. 


•  <  » 
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Replacing  x  by  2x  in  (7.1)  yields 


-2n  2n  ,2  2-.  ,k  k  .  .  „k-l  k-1  ,  .  .  _  ,  ,  N 

aQ2  x  «  2  x  (bfc2  x  +  bk-l2  x  +•  •  •+  b^x  +  bQ) 


Subtracting  the  last  equation  from  the  previous  one  yields 

,~2n  »k+2.v  k+2  ,  /(,2n  -k+1.,  k+1  _i_  /«>2n  «2v.  2  n 

(2  -  2  Jb^x  +  (2  -2  )bk_jX  +. ..+  (2  -2  )bQX  ■  0, 

k+2  k+1  2 

or  we  may  write  c,  x  +  c,  ,x  +...+  c  x  ■  0,  where  not  all  c. 

k  k-1  o’  i 


are  zero,  say  c^  i*  0. 


Replacing  x  by  2x,3x . kx,  and  (k  +  l)x  we  obtain 


,k+2 


,k+2 


,k+l 


,k+l 


(k+ljc  +  2  (k  +  l)k+1  ...  (k  +  1) 


V 


k+2 


‘k-l’ 


Ck-2S 


k+1 


c  x 
o 


1  +  2 

Since  the  Vandermonde  determinant  is  not  zero  in  Z,  we  have  xJ  *0. 


In  [14],  it  is  shown  that  if  R  is  a  ring,  F  i  (0)  is  a  right  ideal 
of  R,  and  3  n  g  Z+  such  that  &n  ■  0,  V  a  e  P,  then  R  contains  a  nonzero 
nilpotent  ideal.  Therefore  in  Theorem  7.7,  if  R  f  0  and  we  consider 
R  itself  as  a  right  ideal,  then  not  only  is  R  nil,  but  R  contains  a 
nonzero  nilpotent  ideal.  Such  an  R  cannot  be  prime.  We  conclude  that 
the  only  prime  ring  satisfying  the  hypotheses  of  Theorem  7. 7, must  be  (0). 
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